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ABSTRACT OF THE THESIS 

The  Speed o f  an  I n f i n i t e  C o m p u t a t i o n  

b y  B A R R Y  A B R A M  BURD, Ph.D. 

T h e s i s  D i rec to r :  P ro fe s so r  Ann Y a s u h a r a  

The d e f i n i t i o n  of a T u r i n g  Machine  i s  g e n e r a l i z e d  so  

t h a t  t h e  m a c h i n e  p e r f o r m s  c o m p u a t i o n s  " h a t  h a v e  i n f i n i t e  

i n p u t ,  a n d  t a k e  i n f i n i t e l y  nany s t e p s .  The n o t i o n  o f  a n  

A l g o r i t h m  i s  s i m i l a r l y  g e n e r a l i z e d .  We p r e s e n t  a n  i n f i n i t e  

a l g o r i t h m  t h a t  f i n d s  t h e  r e a l- n u m b e r  l i m i t  o f  an i n f i n i t e  

s e q u e n c e  of r a t i o n a l  numbers .  The worst case r u n h i n g  t i m e  

o f  t h i s  a l g o r i t h m  i s  w 2 .  We show t h a t  t h i s  a l g o r i t h m  i s  
I 

t i m e- o p t i m a l  f o r  t h e  g i v e n  p r o b l e m .  
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1 '  
0. I n t r o d u c t i o n  

I n  t h i s  p a p e r  we g e n e r a l i z e  t h e  n o t i o n  of a " computa-  

t i o n "  t o  i n c l u d e  a p r o c e s s  whose e x e c u t i o n  may r e q u i r e  

i n f i n i t e  t i m e  and  i n f i n i t e  s p a c e .  V a r i o u s  o t h e r  n o t i o n s  of  

l t i n f i n i t e  computa ion1I  h a v e  been p r o p o s e d  i n  t h e  l i t e r a t u r e .  

(See r e f e r e n c e s  [ a ]  t h r o u g h  [81.> We w i l l  d i s c u s s  these  a n d  

c o m p a r e  them t o  t h e  mode l  p r o p o s e d  here.  

The i n t u i t i v e  i dea  b e h i n d  o u r  model is  t o  c o n s i d e r  a 

T u r i n g  m a o h i n e  w i t h  f i n i t e l y  many s t a t e s ,  a f i n i t e  a l p h a b e t ,  

i n f i n i t e l y  many n o n- b l a n k  s y m b o l s  on its i n p u t  t a p e ,  a n d  a n  

, i n f i n i t e  amount  o f  time t o  p e r f o r m  i t s  c o m p u t a t i o n .  T h u s  

t h e  p r o b l e m  g i v e n  t o  t h e  m a c h i n e  c a n  be i n f i n i t e l y  l a r g e ,  

a n d  t h e  m a c h i n e  c a n  t a k e  an i n f i n i t e  amount  o f  time t o  s o l v e  

i t .  One c o n s e q u e n c e  o f  t h e  " i n f i n i t e  timevt p r o p e r t y  w i l l  b e  

t h a t  a n y  g i v e n  s q u a r e  of t h e  m a c h i n e ' s  o u t p u t  t a p e  can be 

w r i t t e n  o n  i n f i n i t e l y  o f t e n .  T h i s  p o i n t  will be d i s c u s s e d  

in d e t a i l  when we g i v e  t h e  formal d e f i n i t i o n .  Our d e f i n i -  

t i o n  w i l l  t h e n  be e x t e n d e d  t o  i n c l u d e  c o m p u t a t i o n  by a f i -  

n i t e  s e q u e n c e  o f  s u c h  m a c h i n e s .  Roughly  s p e a k i n g ,  t h e  o u t -  

p u t  t a p e  of o n e  m a c h i n e  w i l l  b e , t h e  i n p u t  t a p e  f o r  t h e  n e x t  

m a c h i n e  . 

I n  t h i s  p a p e r  we w i l l  i n v e s t i g a t e  c e r t a i n  a s p e c t s  of t h e  

1 power of t h e s e  m a c h i n e s .  The m o t i v a t i o n  fo r  t h i s  e f f o r t  i s  

twofold  : 
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I 

( 1 )  Most of  t h e  theorems i n  t h e  c o n v e n t i o n a l  t h e o r y  o f  

c o m p u t a t i o n  desc r ibe  l i m i t a t i o n s  o n  t h e  power of  a p a r t i c u -  

l a r  c l a s s  o f  mach ines .  These theorems owe t h e i r  ex i s t ence  

t o  t h e  r e q u i r e m e n t  t h a t  computa t ions  t a k e  a f i n i t e  amount  of  

t ime.  We a r e  i n t e r e s t e d  i n  knowing  w h a t > l i m i t a t i o n s ,  i f  

a n y ,  a r e  i n h e r e n t  i n  i n f i n i t e  m a c h i n e s .  

Cer ta in  s e t - t h e o r e t i c  l i m i t a t i o n s  a r e  i m m e d i a t e l y  

o b v i o u s .  F o r  i n s t a n c e ,  l e t  o.'l be t h e  smallest u n c o u n t a b l e  

o r d i n a l  and l e t  s be a f u n c t i o n  from ~1 i n t o  t h e  s e t  of' i n -  

t e g e r s ,  The f u n c t i o n  s d e f i n e s  a n  u n c o u n t a b l y  l o n g  s e q u e n c e  

s ( O ) ,  s ( l ) ,  ... . Let S be t h e  c o l l e c t i o n  o f  a l l  s u c h  se-  

q u e n c e s ,  Let SO be t h e  s u b - c o l l e c t i o n  of S s a t i s f y i n g  

s E So i f f  3 o r d i n a l  i c w l  s u c h  t h a t  s ( i )  = 0. 

Now c o n s i d e r  any "reasonablef t  d e f i n i t i o n  o f  an i n f i n i t e -  

t ime T u r i n g  m a c h i n e .  Let T be s u c h  a m a o h i n e .  I f  T has 

u n c o u n t a b l y  many s q u a r e s  o n  its i n p u t  t a p e  t h e n  a s e q u e n c e  

s ,  from S ,  c a n  b e  w r i t t e n  i n  i t s  e n t i r e t y  o n  t h e  i n p u t  t a p e  

of  T. I n  o r d e r  f o r  T t o  solve e v e n  t h e  s i m p l e s t  p r o b l e m  

s u c h  a s  

g i v e n  s o n  t h e  i n p u t  t a p e  of T ,  w i t h  s E S, d e t e r m i n e  

whe the r  s E SO 
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T m u s t  b e  a l lowed t o  perform u n c o u n t a b l y  many s t eps .  

wise ,  T c a n n o t  s o l v e  t h e  problem.  A l though  t h i s  o b s e r v a t i o n  

i d e n t i f i e s  o n e  o f  t h e  l i m i t a t i o n s  of  i n f i n i t e  T u r i n g  ma- 

c h i n e s ,  i t  i s  b y  n o  means  a p r o f o u n d  o b s e r v a t i o n .  The ob- 

s e r v a t i o n  d e p e n d s  on t h e  s e t - t h e o r e t i c  p r o p e r t i e s  of T 

O t h e r-  , 

propertie-s of T,  t h a n  o n  t h e  c o m p u t a t i o n a l  r a t h e r  

Wh n we u n d e r t a k e  t o  d e f i n e  ,he n o t i o n  o f  a n  i n f i n i t e -  

time c o m p u t a t i o n ,  our i m m e d i a t e  c o n c e r n  is  of t h e  f o l-  

l o w i n g  sor t :  A m a c h i n e  t h a t  c a n  perform i n f i n i t e l y  many 

s t e p s  i s  s u r e l y  v e r y  p o w e r f u l .  Is i t  p o s s i b l e  t h a t  t h e  

o n l y  l i m i t a t i o n s  on t h e  power of s u c h  a m a c h i n e  ake se t -  

t h e o r e t i c  i n  n a t u r e ?  If s o ,  o u r  d e f i n i t i o n  may be doomed t o  

t r i v i a l i t y  . I 

( 2 )  There  a r e  processes t h a t  a r i s e  n a t u r a l l y  i n  matherna- 

t i c s  which r e q u i r e  a n  i n f i n i t e  amount of t ime  t o  e x e c u t e .  

These p r o c e s s e s  would  be c o n s i d e r e d  “ a l g o r i t h m s 1 *  b u t  f o r  t h e  

l a c k  of f i n i t e n e s s .  Here a r e  a few examples: 

L e t  f be a f u n c t i o n  d e f i n e d  on t h e  r e a l  i n t e r v a l  E0 , l I .  

Assume t h a t  t h e  v a l u e  of  f o n  a n y  a r g u m e n t  c a n  be c o m p u t e d  

i n  f i n i t e  time. ( T h i s  a s s u m p t i o n  is n e i t h e r  r e a s o n a b l e  n o r  

n e c e s s a r y .  I t  w i l l ,  h o w e v e r ,  make the t e c h n i c a l i t i e s  of  o u r  

e x a m p l e  e a s i e r  t o  d i g e s t .  The  i n t e r e s t e d  reader c a n  g e n e-  

J r a l i z e . )  We can f i n d  t h e  i n t e g r a l  of  f ,  from 0 t o  1 ,  b y  

t a k i n g  successive a p p r o x i m a t i o n s .  L e t  s ( 1 )  be f ( 0 ) .  Then  



1 
s(l> a p p r o x i m a t e s  t h e  i n t e g r a l  of f ( x )  from 0 $0 1 ,  b y  d i -  

v i d i n g  t h e  a r e a  under  t h e  curve i n t o  one b i g  p i e o e .  Let  

312) be ( O . t J ) * f ( O )  *. (O15)-f(0.5), a b e t t e r  a p p r o x i m a t i o n  

o b t a i n e d  by d i v i d i n g  t h e  a r e a  i n t o  two p i e c e s .  Genera l ize  

t h i s  f o r  a r b i t r a r y  s ( i ) ,  where i i s  a p o s i t i v e  i n t e g e r .  

With a f i n i t e  a l g o r i t h m ,  we can  compute a r b i t r a r i l y  good 

a p p r o x i m a t i o n s  f o r  t h e  va lue  of  t h e  i n t e g r a l  o f  f. The 

a c t u a l  v a l u e  o f  t h e  i n t e g r a l  i s  t h e  l i m i t  o f  t h e  s e q u e n c e  

s ( l ) ,  s ( 2 ) ,  ... . I f  R i s  an i n f i n i t e - t i m e  a l g o r i t h m  t h a t  

aomputes  s(l), s ( 2 ) ,  ..., s ( i ) ,  f o r  a l l  p o s i t i v e  i n t s -  

g e r s  i ,  t h e n  R may, a f t e r  i n f i i i t e l y  many s t e p s ,  y i e l d  t h e  

v a l u e  o f  t h e  i n t e g r a l .  of  f .  

d e f i n e  an i n f i n i t e  a l g o r i t h m  t o  compute t h e  l i m i t  o f  a n  i n -  

f i n i t e  s e q u e n c e ,  Given t h a t ,  t h e  d e s i g n  of a l g o r i t h m  R is 

s t r a i g h t f o r w a r d .  

I n  S e c t i o n ,  2 we w i l l  see how t o  

1 

One can t t c o n s t r u c t t t  t h e  a l g e b r a i c  numbers u s i n g  an i n -  ~ 

f i n i t e  process. Le t  Q b e  t h e  s e t  of r a t i o n a l  numbers. L e t  

QCxl be t h e  se t  of p o l y n o m i a l s  i n  x o v e r  Q, Choose p ( x )  i n  

Q C x l ,  

Q C x l  g e n e r a t e d  by p ( x ) .  

Q1CxI /Cq(x)> ,  and s o  o n .  Us ing ,  a c a n o n i c a l  homomorphism, 

Le t  Q 1  b e  Q f x l / < p ( x ) > ,  where < p ( x ) >  i s  t h e  i d e a l  of 

Choose q ( x )  i n  Q1 and l e t  Q2 be 

we can  c o n s i d e r  Qi t o  b e  a s u b s e t  of Qi+1,  for  each p o s i t i v e  

i n t e g e r  i. L e t  A be an  i n f i n i t e - t i m e  a l g o r i t h m  whose i n p u t  

i s  Q. A t  each t t s t e p f t  i n  t h e  execut ion of A ,  t h e  a l g o r i t h m  

1 examines  Qi a n d  r e p l a c e s  it w i t h  Qi+1.  After i n f i n i t e l y  

many such  s t e p s ,  a l g o r i t h m  A p r o d u c e s  t h e  s e t  U i Q i ,  which 
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i s . p r e c i s e l y  t h e  se t  of a l g e b r a i c  numbers .  

Notice t h a t  t h e  i n p u t  t o  t h i s  a l g o r i t h m  i s  a n  i n f i n i t e  

s e t  ( t h e  s e t  of r a t i o n a l  n u m b e r s ) .  The o u t p u t  of  e a c h  s t e p  

o f  t h e  a l g o r i t h m  i s  a l s o  a n  i n f i n i t e  s e t .  Each  s t e p  o f  t h e  

a l g o r i t h m  e x a m i n e s  i n f i n i t e l y  many i n p u t  s y m b o l s  a n d  p r i n t s  

i n f i n i t e l y  many o u t p u t  s y m b o l s .  The a l g o r i t h m  A w i l l  h a v e  

i n f i n i t e l y  many s t e p s ,  e a c h  t a k i n g  an  i n f i n i t e  amount  of  

t ime.  I n  Sec t ion  1 we w i l l  u s e  d o v e t a i l i n g  t o  c o m p r e s s  many 

i n f i n i t e l y  l o n g  s t e p s  i n t o  one i n f i n i t e l y  l o n g  s t e p .  

Both  of t h e  a b o v e  e x a m p l e s  i l l u s t r a t e  t h e  same p o i n t :  

j t h a t  some s o - c a l l e d  " p u r e  e x i s t e n c e "  d e f i n i t i o n s  i n  m a t h e-  

m a t i c s  a re  a c t u a l l y  a l g o r i t h m s  t h a t  r e q u i r e  a n  i n f i n i t e  

amount  of  time and  space. 

I n  [11 we h a v e  a n  i n f i n i t e  p r o c e s s  w h i c h  d e c o m p o s e s  an 

i n f i n i t a r y  b o o l e a n  p o l y n o m i a l  i n t o  i t s  normal form. The 

i n p u t  t o  t h e  p r o c e s s  i s  a s t a t e m e n t  i n  t h e  i n f i n i t a r y  homo- 

g e n e o u s  p r o p o s i t i o n a l  c a l c u l u s .  The p r o o e s s  goes t h r o u g h  

i n f i n i t e l y  many i t e r a t i o n s .  At t h e  e n d  of each i t e r a t i o n  

t h e  s t a t e m e n t  i s  rewri t ten  i n  s,uch a way t h a t  a l a r g e r  sub-  

s t a t e m e n t  o f  t h e  o r i g i n a l  s t a t e m e n t  h a s  b e e n  c o n v e r t e d  i n t o  

" n o r m a l  form'!. I n  t h i s  ca se ,  l1normal  form1' means  t h a t  n o  

atomic v a r i a b l e  i n  t h e  s u b - s t a t e m e n t  o c c u r s  more t h a n  o n c e .  

After i n f i n i t e l y  many i t e r a t i o n s ,  t h e  e n t i r e  s t a t e m e n t  is  

i n  n o r m a l  form. I n  113, a s  i n  t h e  l i t e r a t u r e  o n  Riemann 
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f 
sums a n d  a l g e b r a i c  n u m b e r s ,  t h e  o u t p u t  of  t h e  p r o c e s s  

a f t e r  i n f i n i t e l y  many s t e p s  i s  u n d e r s t o o d  by v i r t u e  o f  a 

p a r t i c u l a r  m a t h e m a t i c a l  c o n t e x t  ( i . e . ,  t h e  l i m i t  o f  a n  

i n f i n i t e  s e q u e n c e ,  t h e  u n i o n  of i n f i n i t e l y  many s e t s ,  e t c . )  

I n  t h i s  p a p e r  we g i v e  a g e n e r a l  d e f i n i t i o n ,  i n  terms of 

T u r i n g  m a c h i n e s ,  t o  d e s c r i b e  t h e  o u t p u t  o f  an i n f i n i t e  

c o m p u t a t i o n .  

S e c t i o n  1 of t h i s  p a p e r  d e f i n e s  a n  i n f i n i t e  Turing ma- 

c h i n e ,  s e t t i n g  t h e  s t a g e  fo r  t h e  a n a l y s i s  of  an i n f i n i t e -  

t ime  c o m p u t a t i o n .  I n  ' t h i s  s e c t i o n  we a l a o  r e l a t e  o u r  d e f i -  

n i t i o n s  t o  t h e  work o f  o t h e r s  ( references  C21 t h r ' o u g h  C81). 

I 

I n  S e c t i o n  2 we p r e s e n t  an i n f i n i t e  a l g o r i t h m  t o  s o l v e  a 

common m a t h e m a t i c a l  problem - t h e  c a l c u l a t i o n  of t h e  l i m i t  

of  a s e q u e n c e  of r a t i o n a l  numbers .  O f  c o u r s e  we canno t  u s e  

t h e  a l g o r i t h m  t o  l J s o l v e f l  t h e  p r o b l e m  i n  t h e  usual s e n s e ,  

s i n c e  no  real-world c o m p u t e r  can read i n  i n f i n i t e l y  many 

r a t i o n a l  numbers  a n d ,  a f t e r  i n f i n i t e l y  many s t e p s ,  p r o d u c e  

a n  o u t p u t .  I n s t e a d  we c a n  t ake  t h e  a l g o r i t h m  as a new d e f i -  

n i t i o n  of t h e  l i m i t  c o n c e p t .  ( I n  r e v i e w i n g  t h e  s t a n d a r d  E - 6  

d e f i n i t i o n  of a l i m i t ,  we are t e m p t e d  t o  b e l i e v e  t h a t  i t s  

c r ea to r s  modeled t h e  d e f i n i t i o n  a f t e r  some more i n t u i t i v e  

n o t i o n  of an i n f i n i t e  p r o c e s s  w h i c h  makes t h e  s e q u e n c e  " g o  

to" i t s  l i m i t . )  

I n  Seot.ion 3 w e  p r o v e  t h a t  f i n d i n g  t h e  l i m i t  o f  a se-  



i 

1 
quence o f  i n t e g e r s  r equ i res  w2 + k time, where k i s  a f i n i t e  

non-negative i n t e g e r ,  and w i s  t h e  s m a l l e s t  o r d i n a l  g r e a t e r  

than  a n y  f i n i t e  non-negative i n t e g e r .  S i n c e ' t h e  no t ion  o f  

an a lgor i thm p l a y s  an impor tan t  r o l e  i n  t he  proof of  t h e  

resu l t ,  t h e  proof' h e l p s  t o  q u i e t  our concern t h a t  a l l  l i m i -  

t a t i o n s  on t h e  power o f  i n f i n i t e  computations a r e  se t-  

t h e o r e t i c  i n  na ture .  
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1 .  D e f i n i t i o n s  

1 .1  Augmented and i n f i n i t e  T u r i n g  m a c h i n e s  

We b e g i n  w i t h  a s t a n d a r d  d e f i n i t i o n  of a d e t e r m i n i s t i c  

o n - l i n e  T u r i n g  m a c h i n e .  

D e f i n i t i o n .  A f i n i t e  T u r i n g  m a c h i n e  i s  an 8 - t u p l e  

(S t a t e s ,  i n i t i a l - s t a t e ,  I n p u t - A l p h a b e t ,  O u t p u t- A l p h a b e t ,  

f n e x t - s t a t e :  X + S t a t e s ,  

f n e x t - s y m b o l ;  X -t O u t p u t- A l p h a b e t ,  

f n ex t-mov e- o f -  t a p e-  i n  ; X -t { r i g h t ,  l e f t ) ,  

fnext- mov e- o f- t a p e- o u t  : X -c ( r i g h t ,  l e f t ,  h a l t ] > ,  
I 

w h e r e  S t a t e s ,  I n p u t - A l p h a b e t  a n d  O u t p u t- A l p h a b e t  a r e  d i s -  

j o i n t  f i n i t e  sets ,  i n i t i a l - s t a t e  E. S t a t e s ,  a n d  X = S t a t e s  x 

I n p u t - A l p h a b e t  x O u t p u t- A l p h a b e t .  

Our T u r i n g  m a c h i n e s  h a v e  two one-way i n f i n i t e  t a p e s :  a 

r e a d- o n l y  t a p e  fo r  i n p u t ,  a n d  a r e a d / w r i t e  t a p e  f o r  s c r a t c h  

work a n d  o u t p u t .  T h u s ,  a n  i n s t a n t a n e o u s  d e s c r i p t i o n  ( i . d . 1  

of  a f i n i t e  T u r i n g  m a c h i n e  is  a 5 - t u p l e  of t h e  form 

< s t a t e ,  t a p e - i n ,  p o s i t i o n - i n ,  t a p e - o u t ,  p o s i t i o n - o u t ) ,  

I 

w h e r e  s t a t e . i s  an e l e m e n t  of  S t a t e s  ( r e p r e s e n t i n g  t h e  



c u r r e n t  s t a t e )  ; 

t a p e - i n  is a s e q u e n c e  o f  elements o f  t h e  I n p u t -  

A l p h a b e t ,  all b u t  f i n i t e l y  many of  which  a r e  

b l a n k  ( r e p r e s e n t i n g  t h e  s t r i n g  of s y m b o l s  on t h e  

i n p u t  t a p e  - s ince  t h e  i n p u t  t a p e  is a r e a d - o n l y  

t a p e ,  t h i s  s e q u e n c e  does n o t  c h a n g e  a t  a n y  time 

d u r i n g  t h e  c o m p u t a t i o n ) ;  

p o s i t i o n - i n  is a p o s i t i v e  i n t e g e r  ( r e p r e s e n t i n g  t h e  

c u r r e n t  p o s i t i o n  of t h e  r e a d  h e a d  on t h e  i n p u t  

t a p e ,  w i t h  t h e  lef tmost  s q u a r e  c o u n t e d  a s  p o s i -  

t i o n '  1 ) ;  

t a p e - o u t  i s  a s e q u e n c e  of elements of t h e  O u t p u t -  

A l p h a b e t ,  a l l  b u t  f i n i t e l y  many of w h i c h  a r e  

b l a n k  ( r e p r e s e n t i n g  t h e  s t r i n g  of s y m b o l s  cur-  

r e n t l y  o n  t h e  o u t p u t  t a p e ) ;  and 

p o s i t i o n - o u t  i s  a p o s i t i v e  in teger  ( r e p r e s e n t i n g  t h e  

current  p o s i t i o n  of t h e  r e a d / w r i t e  h e a d  on t h e  - I  

o u t p u t  t a p e ,  with t h e  leftmost  s q u a r e  c o u n t e d  a s  

p o s i t i o n  1 ) .  

A t  time 1 ,  t h e  i n s t a n t a n e o u s  d e s c r i p t i o n  o f  t h e  m a c h i n e  is  

( i n i t i a l - s t a t e ,  t a p e - i n ,  1 ,  s e q u e n o e- o f - b l a n k s ,  1). 

A t  time n+l, t h e  m a c h i n e  uses t h e  i . d .  o f  time n ,  and t h e  

1 funct ions  f n e x t - s t a t e ,  f n e x t - s y m b o l  9 

fnex t-mov e-of- t a p e -  i n  * and fnex t-move- of-  t a p e - o u t  in 

9 
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o r d e r  t o  determine t h e  i . d .  of  t ime n+l. 1 

L e t  T be  a T u r i n g  m a c h i n e ,  a n d  l e t  s be a s e q u e n c e  of 

symbols. The a c t i o n  of T w i t h  s o n  i t s  i n p u t  t a p e  is de-  

n o t e d  T ( s ) .  

o f  s y m b o l s  o n  t h e  o u t p u t  t a p e  of T a t  time t i s  d e n o t e d  

T('s) b S i n c e  t a p e- o u t t  T ( s )  
t t a p e - o u t  

o f  s y m b o l s ,  t h e  ith e n t r y  i n  t h i s  sequence can be d e -  

T(s)(i)  S u b s c r i p t s  a n d / o r  s u p e r s c r i p t s  n o t e d  t a p e - o u t  

w i l l  be o m i t t e d  when the c o n t e x t  p e r m i t s .  S i m i l a r  n o t a t i o n s  

If t is a p o s i t i v e  i n t e g e r ,  t h e n  t h e  s e q u e n c e  

i s  i t s e l f  a s e q u e n c e  

t 

a n d  p o s i t i o n - o u t t  T(s) w i l l  be T(s) 
t s u c h  as state 

u s e d  when a p p r o p r i a t e ,  

I 
TQ d e f i n e  an a u g m e n t e d  T u r i n g  m a c h i n e ,  TA,  w e  m o d i f y  

t h e  d e f i n i t i o n  of a f i n i t e  T u r i n g  m a u h i n e  i n  two ways:  

( 1  1 We allow tape - inTA t o  have  i n f i n t e l y  many non-blank 

symbols, a n d  

( 2 )  We d e f i n e  t a p e - o u t  a t  time u as fol lows: 

If TA n e v e r  h a l t s  

t h e n  taPe-OUtTA is  t h e  s e q u e n c e  tape-out:A( 1 ) , 
bJ 

t a p e - o u t U A ( 2 ) ,  T ..., where, f o r  each 

p o s i t i v e  i n t e g e r  i, 

i f  there i s  a symbol, x ,  and a n  i n t e g e r ,  n, 1 
T 

, such that tape-out A ( i )  = x for all tzn t 
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i 
t h e n  t a p e- o u t  T A ( i )  = x ' 

W 
e l se  t a p e - o u t u A ( i )  T = ' g t b l u r i t  

. e l se  tape- out  T A i s  u n d e f i n e d .  
w 

I n  t h e  a b o v e  d e f i n i t i o n  i t  is  assumed t h a t  t t b l u r q t  is a sym- 

b o l ,  a n d  t t b l u r l t  is n o t  a n  e l e m e n t  o f  t h e  O u t p u t - A l p h a b e t  of 

TA.  Notice t h a t  t a p e - o u t  may h a v e  i n f i n i t e l y  many non-  

b l a n k  symbols a t  t i m e  W .  

T 
If t a p e - o u t  W A i s  d e f i n e d ,  f o r  some v a l u e  of t a p e - i n T A  9 

t h e n  we say t h a t  t h e  worst case  r u n n i n g  t i m e  of 'rA i s  W .  

O t h e r w i s e  t h e  worst case r u n n i n g  time of" TA i s  f i n i t e .  

I n t u i t i v e l y ,  an augmented  T u r i n g  m a c h i n e  i s  o n e  whose 

i n p u t  and r u n n i n g  time cqn be of s i z e  w ,  The problem g i v e n  

t o  TA c a n  be i n f i n i t e l y  l a r g e ,  a n d  TA can t a k e  a n  i n f i n i t e  

amount  of  t ime t o  solve t h e  problem. After t h e  e n t i r e  r u n  

o f  TA ( a t  time u ) ,  t h e  c o n t e n t  of a s q u a r e  o n  t h e  o u t p u t  

t a p e  is non-* lb lu r l l  i f  and o n l y  i f ,  a t  some time d u r i n g  t h e  

r u n  of TA ( i . e . ,  before time w ) ,  some symbol  i s  w r i t t e n  ~n 

t h a t  s q u a r e  a n d  is n e v e r  c h a n g e d  t he r ea f t e r .  We c a n  t h i n k  

of  t h e  t 8 b l u r t t  symbol  o n  a s q u a r e  a s  t h e  s i t u a t i o n  where the 

c o n t e n t  of  t h e  s q u a r e  n e v e r  l t se t t l ed l t  o n  a n y  o n e  p a r t i c u l a r  

symbol .  L o o k i n g  a t  t h e  s q u a r e  a t  t ime W ,  o n e  sees t h e  fuzzy 

o v e r p r i n t i n g  of symbols t h a t  c h a n g e d  i n f i n i t e l y  o f t e n  d u r i n g  

t h e  r u n  o f  TA and c a l l s  t h i s  a I1blur1l .  

symbol is not, an  e l e m e n t  of O u t p u t- A l p h a b e t T A,  m a c h i n e  TA 

S i n c e  t h e  " b l u r "  1 
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c a n n o t  d e c i d e ,  a t  any f i n i t e  time d u r i n g  i t s  r u n ,  t o  w r i t e  

" b l u r v 1  on a n y  squa re  o f  i t s  o u t p u t  t ape .  

v e r y  s p e c i a l  o u t p u t  s y m b o l  f o r  TA. 

Thus l l b l u r * i  i s  a 

The d e c i s i o n  t o  h a v e  s e p a r a t e  t a p e s  f o r  i n p u t  a n d  o u t p u t  

We d o  t h i s  i n  o r d e r  t o  a l l o w  t h e  aug-  is  q u i t e  i n t e n t i o n a l .  

m e n t e d  T u r i n g  machine  t o  w r i t @  an unbounded (o r  even  i n f i -  

n i t e )  amount o f  o u t p u t  w i t h o u t  h a v i n g  t o  ( a )  d e s t r o y  t h e  i n -  

p u t ,  o r  ( b )  t a k e  t ime t o  move i n p u t  symbols  t o  rnake room for 

t h e  O u t p u t .  

Note  t h a t  an augmented T u r i n g  maohine h a s  f i n i t e l y  many 

s t a t e s ,  a f i n i t e  i n p u t  a l p h a b e t ,  e t c ,  One can w r i t e  t h e  

i n s t r u c t i o n s  t h a t  p resc r ibe  t h e  a c t i o n  of an augmented 

T u r i n g  maclhine on a f i n i t e  amount of paper .  

1 

Example 1.  

solves t h e  h a l t i n g  problem f o r  f i n i t e  T u r i n g  machines.  For  

any  f i n i t e  T u r i n g  m a c h i n e ,  T, l e t  t a p e- i n H  c o n t a i n  t h e  

8 - t u p l e  d e s c r i b i n g  T ,  and  a copy of t ape- in T.  L e t  

Output -Alphabe tH = Output -Alphabe tT  u ( l tT-hal  ts",  

1iT-does-not-hal t81) .  

There i s  an  augmented T u r i n g  mach ine ,  H ,  which  

Machine H b e g i n s  by w r i t i n g  

l lT-does-not -ha l t f l  on t a p e - o u t H ( l ) ,  

a c t i o n  of T o n  i n p u t  t a p e - i n T ,  u s i n g  s q u a r e s  2,3,4, ... of  

t a P e - o u t H  f o r  s c r a t c h  and o u t p u t .  

t h e  symbol  on t a p e - o u t H ( l )  u n l e s s  T h a l t s .  

t ime n ,  t hen  H c h a n g e s  t h e  content of t a p e - o u t H ( l )  t o  

Then H s i m u l a t e s  t h e  

Machine H never c h a n g e s  

If T h a l t s  a t  
I 



1 3  

f l T - h a l t s l l ,  a n d ,  f r o m  t ime  n + l  o n ,  performs some h a r m l e s s  

n o n s e n s e  a c t i o n  ( e .g . ,  i t  i d l e s  i n  some s p e c i a l  s t a t e ) .  A t  

t ime w ,  o n e  can d e t e r m i n e  whether o r  n o t  T h a l t e d  by exami-  

n i n g  t a p e - o u t H ( l ) .  

A t  t h i s  p o i n t  we e x t e n d  t h e  d e f i n i t i o n  o f  a T u r i n g  ma- 

c h i n e  e v e n  f u r t h e r  by f o r m i n g  a s e q u e n c e  of augmented  T u r i n g  

m a c h i n e s .  Each m a c h i n e  i n  t h e  s e q u e n c e  p r o d u c e s  a n  o u t p u t  

t a p e ,  w h i c h  is s u p p l i e d  a s  p a r t  o f  t h e  i n p u t  t o  t h e  n e x t  

m a c h i n e .  For t h e  moment l e t  u s  c a l l  these two a d j a c e n t  ma- 

c h i n e s  t h e  predecessor machine and t h e  s u c c e s s o r  m a c h i n e .  

The s u c c e s s o r  m a c h i n e  i s  c a p a b l e  of r e a d i n g  t h e  i n p u t  a n d  

o u t p u t  s y m b o l s  of  i t s  p r e d e c e s s o r .  I n  a d d i t i o n  t o  r e a d i n g  

s y m b o l s  i n  t h e  p r e d e c e s s o r ' s  O u t p u t- A l p h a b e t ,  i t  reads  t h e  

"blur1* symbol on s q u a r e s  where l*blwrtt was p r o d u c e d  b y  t h e  

1 

predecessor.  Whereas i l b l u r l l  was a s p e c i a l  o u t p u t  symbol fo r  

t h e  predecessor machine,  we w i l l  see i n  t h e  formal d e f i n i -  

t i o n  t h a t  l l b l u r l l  fs t r ea ted  a s  an o r d i n a r y  i n p u t  symbol  t o  

t h e  suocessor  m a c h i n e .  

D e f i n i t i o n ,  Let T b e  an augmented  T u r i n g  m a c h i n e .  We d e f i n e  

t h e  u n i o n  of t a p e - i n T  a n d  t a p e- o u t T  a s  t h e  t ape  ob t a ined  b y  

c o m b i n i n g  t h e  s q u a r e s  o f  t a p e - i n T  and t a p e- o u t T  i n  a l t e r -  

n a t i n g  f a s h i o n .  More f o r m a l l y ,  f o r  a n y  p o s i t i v e  i n t e g e r  i, 
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D e f i n i t i o n .  Let T I ,  T2, *.., Tn be a f i n i t e  s e q u e n c e  o f  

augmented T u r i n g  machines  s a t i s f y i n g  

I n p u t- A l p h a b e t  T i + l  = I n p u t- A l p h a b e t  T. 1 u 

Output- Alphabet  T i u ("blur") 

fo r  e a c h  i from 1 to n-1. Then t h e  s e q u e n c e  is c a l l e d  an 

i n f i n i t e  T u r i n g  machine .  

t i a l  i . d ,  of  Ti , i s  

1 
For e a c h  i from 2 t o  n ,  t h e  i n i -  

( i n i t i a l - s t a t e  T i, t a p e- i n  T i -1  u t a p e - o u t  T i - 1 ,  I ,  
w 

s e q u e n c e- o f- b l a n k s ,  1 >  

if t a p e - o u t  T i -1  is d e f i n e d ,  and 
w 

( i n i t i a l - s t a t e  T i ,  t a p e - i n  T.  1-1 t a p e - o u t t i - l ,  T 1 ,  

s e q u e n c e- o f- b l a n k s ,  1 >  

i f  Ti-1 h a l t s  a t  time t. 

The i d e a  of  t a k i n g  t h e  union of tapes is somewhat con- 



t r a r y  to ,  o u r  n o t i o n  of t h e  a c t i o n  o f  a c o m p u t a t i o n .  

a n  a u g m e n t e d  T u r i n g  m a c h i n e  h a s  performed o steps, some un- 

seen  a g e n t  m a g i c a l l y  cop ie s  i n f i n i t e l y  many s y m b o l s  i n  com- 

b i n i n g  t h e  m a c h i n e ' s  i n p u t  a n d  o u t p u t  t a p e s .  We c o u l d  o v e r -  

come t h i s  d i f f i c u l t y  by a l l o w i n g  each a u g m e n t e d  m a c h i n e  t o  

h a v e  more t h a n  o n e  i n p u t  t a p e .  We chose n o t  t o ' d o  t h i s  i n  

o rder  t o  k e e p  t h e  n o t a t i o n  as  s i m p l e  a s  p o s s i b l e .  The m a i n  

t h i n g  t o  k e e p  i n  mind is t h a t  a n  a u g m e n t e d  ( o r  i n f i n i t e )  

T u r i n g  m a c h i n e  does  n o t  d e s t r o y  i t s  i n p u t  t ape .  

t a p e  is a v a i l a b l e  f o r  e x a m i n a t i o n  b y  t h e  n e x t  m a c h i n e  i n  t h e  

s e q u e n c e .  

After , 
I 

T h e  i n p u t  

We now d e f i n e  a n o t i o n  of  ' * r u n n i n g  time" f o r  i n f i n i t e  
1 

m a c h i n e s  . 

D e f i n i t i o n .  L e t  TI, . . . ,T,  be a n  i n f i n i t e  T u r i n g  m a c h i n e .  

Let  k be t h e  l a r g e s t  i n t e g e r  s a t i s f y i n g  

T t h e r e  i s  a s e q u e n c e  o f  s y m b o l s  on t a p e - i n  1 t h a t  forces 

k of t h e  n augmented  m a c h i n e s  i n  T,,...,Tn t o  have  r u n-  

n i n g  time W .  

Then we d e f i n e  t h e  worst  case r u n n i n g  time of  TI, ..., T, t o  

be wk. 

1 Example  2. L e t  s be a n  i n f i n i t e  s e q u e n o e  of p o s i t i v e  i n t e -  

g e r s ,  a n d  TI be an augmented  Turing m a c h i n e  w i t h  
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' I n p u t - A l p h a b e t  { 0 , 1 , 2 , .  . . ,9 ,11comma11,11blank11) S e q u e n c e  s 

c a n  b e  e n c o d e d  on t h e  i n p u t  t a p e  o f  T b y  w r i t i n g  o n e  d i g i t  

p e r  s q u a r e ,  b e g i n n i n g  w i t h  t h e  l e f tmos t  s q u a r e ,  u s i n g  t h e  

aomma a s  a s e p a r a t o r  b e t w e e n  i n t e g e r s .  We want T I  t o  

h e l p  d e c i d e  w h e t h e r  s e q u e n c e  s c o n t a i n s  i n f i n i t e l y  many o c-  

currences o f  t h e  number 42, To d o  t h i s ,  we make t h e  

O u t p u t- A l p h a b e t  of T1 c o n t a i n  t h e  s y m b o l s  l l even t l  and  

l loddl l .  M a c h i n e  T1 b e g i n s  by  w r i t i n g  "evenvl o n  

t a p e - o u t T 1  ( I ) .  

i n t e g e r s  of  s i n  o r d e r  u n t i l  it r e a c h e s  a 42.  A t  t h a t  time 

i t  c h a n g e s  t h e  c o n t e n t  of t a p e - o u t  1 ( 1 )  t o  i loddi l .  The 

Then it r e a d s  t a p e - i n T 1 ,  e x a m i n i n g  t h e  

T 

m a c h i n e  p r o c e e d s  t o  e x a m i n e  s e q u e n c e  s ,  c h a n g i n g  i t s  mind 

about t h e  number (mod 2) of  o c c u r r e n c e s  o f  42 w h e n e v e r  i t  

e n c o u n t e r s  a 4 2 ,  A t  time W ,  m a c h i n e  T 2  exam-ines 

t a p e - o u t T 1 ( l ) .  

" f i n i t e f 1  on i ts o u t p u t  t a p e .  If i t  r e a d s  l l b l u r l l ,  i t  p r i n t s  

" i n f i n i t e l l .  

1 

If i t  r e a d s  l levenl '  o r  l rodd i l ,  i t  p r i n t s  

The w o r s t  case  r u n n i n g  time of  T1,Tz i s  W .  C l e a r l y  t h i s  

i s  o p t i m a l  p e r f o r m a n c e  f o r  t h e  g i v e n  p r o b l e m .  

1 .2  Augmented and i n f i n i t e  a l g o r i t h m s  

Waving d e f i n e d  i n f i n i t e  T u r i n g  m a c h i n e s ,  we c a n  use 

C h u r c h ' s  t h e s i s  to t a l k  a b o u t  i n f i n i t e  a lgor i thms .  An . 

augmented  a l g o r i t h m  c a n  h a v e  i n f i n i t e  i n p u t ,  a n d  c a n  have a 
1 



i 
d e f i n e d  o u t p u t  a t  time 0 .  D u r i n g  a n y  f i n i t e  p o r t i o n  of i t s  

e x e c u t i o n ,  a n  augmented  a l g o r i t h m  c a n  d o  a n y t h i n g  t h a t  a 

f i n i t e  a l g o r i t h m  c a n  do. An ( i n f i n i t e  a l g o r i t h m )  i s  a f i n i t e  

s e q u e n c e  o f  augmented  a l g o r i t h m s .  

Our a lgo r i t hms  w i l l  be  w r i t t e n  i n  a P a s c a l - l i k e  

l a n g u a g e .  Our goal, i n  u s i n g  t h e  l a n g u a g e ,  w i l l  be t o  

make t h e  w r i t i n g  of a l g o r i t h m s  a s  i n d e p e n d e n t  a s  p o s s i b l e  

from t h e  d e t a i l s  of  m a c h i n e  o p e r a t i o n .  I n  t h e  f o l l o w i n g  

p a r a g r a p h s ,  we descr ibe  t h e  ways i n  which  o u r  a l g o r i t h m  

l a n g u a g e  w i l l  d i f f e r  from Pascal .  

We w i l l  omit t h e  e x p l i c i t  u s e  o f  t h e  P a s c a l  t okens  
1 

t t b e g i n l l  and "end".  I n s t e a d  we w i l l  u s e  i n f o r m a t i v e  i n d e n t a -  

t i o n .  The end o f  a l i n e ,  r a t h e r  t h a n  a semicolon,  w i l l  be 

u s e d  a s  t h e  s t a t e m e n t  s e p a r a t o r .  We w i l l  o f t e n  r e p l a c e  t h e  

exact s y n t a x  of P a s c a l  s t a t e m e n t s  w i t h  s t a t e m e n t s  w r i t t e n  i n  

" r i g o r o u s  E n g l i s h "  

I n  a d d i t i o n  t o  t h e  s t a n d a r d  Pasca l  c o n s t r u c t i o n s ,  we 

d e f i n e  

For i:= 1 toward w 

S 
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\ Let i:: 0 

While i < w  do 

i:= i + 1  

S 

where S is a s ta tement ,  o r  sequence of  sta\tements. 

We a l s o  enhance s tandard Pascal w i t h  t h e  following con- 

s t r u c t i o n  f o r  dove ta i l ing :  

Let k be  any p o s i t i v e  i n t e g e r ,  Let S1,S2, ... b e  s ta tements ,  

or sequences of s ta tements .  L e t  each of  SI,S~,~..' t a k e  wk 

time t o  execute. Assume t h a t  successfu l  execution of any of  

S,,S2, ... does mot depend on t h e  execution o r  r e s u l t s  of any 

of t h e  o the r s .  Then l e t  t h e  no ta t ion  

Dovetail  

cs, s 
. CS,l 

. 

. 

. 
End-dovetail 

have t h e  obvious meaning. Since S1,52,. . . each take  wk 

time, t h e  whole doveta i led  computation t akes  ok time t o  

execute . 1 

I I 
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1 
a n d  

v a r  r :  i n f i n i t e  d e c i m a l  e x p a n s i o n .  

These two  d e c l a r a t i o n s  a r e  e q u i v a l e n t ,  s i n c e  a n  i n f i n i t e  

decimal e x p a n s i o n  2s an i n f i n i t e  s e q u e n c e  of d i g i t s .  The 

o n l y  d i f f e r e n a e  is  t h a t  i n  t h e  f i r s t  d e c l a r a t i o n ,  t h e  

e n t r i e s  of  t h e  s e q u e n c e  a r e  named s e p a r a t e l y ,  while i n  t h e  

s e c o n d  d e o l a r a t i o n ,  t h e  s e q u e n c e  i t s e l f  i s  named. E i t h e r  

d e c l a r a t i o n  c a n  be t a k e n  t o  r e p r e s e n t  a r e a l  number b e t w e e n  

0 and 1 ,  To r e p r e s e n t  a r e a l  number i n  a n y  p a r t i c u l a r  algo-  

r i t h m ,  we w i l l  u s e  e i t he r  o f  t h e  a b o v e  me thods ,  w h i c h e v e r  i s  

n o t a t i o n a l l y  more c o n v e n i e n t ,  
I 

The m u l t i p l e  d e c l a r a t i o n  

v a r  ( v i l w  : s e q u e n c e  o f  d i g i t s  i= 1 \ 

r: i n f i n i t e  decimal e x p a n s i o n  

s a v e s  space on t h e  t a p e  for two i n f i n i t e  s e q u e n c e s ,  BY re- 

f e r r i n g  t o  t h e  d e f i n i t i o n  of a n  augmented  T u r i n g  m a c h i n e ,  we 

see t h a t  t h e  l e n g t h  o f  t h e  o u t p u t  t a p e  is W ,  I n  o rde r  t o  

f i t  two i n f i n i t e  s e q u e n c e s  o n  t h i s  t a p e ,  we h a v e  t o  p r i n t  

t h e  d i g i t s  of  t h e  s e q u e n c e s  i n  a l t e r n a t i n g  f a s h i o n .  F o r  i n -  

s t a n c e ,  w e  c a n  r e s e r v e  e v e n  numbered spaces f o r  t h e  d i g i t s  

of r ,  a n d  odd numbered s p a c e s  f o r  t h e  V i  d i g i t s ,  1 

----T-- I 
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i 
A s  an example o f  t h e  u s e  of o u r  n o t a t i o n  f o r  i n f i n i t e  

a l g o r i t h m s ,  we consider t h e  f o l l o w i n g :  

' v a r  r :  i n f i n i t e  d e c i m a l  e x p a n s i o n  

. 

. 
I . 

For i : = l  toward 3 

l e t  r:= ...{some e x p r e s s i o n ) . . .  

. 

. 

. 
t 

The v a r i a b l e  r r e p r e s e n t s  a r e a l  number whose d i g i t s  a r e  

re- computed each  t ime t h r o u g h  t h e  l o o p .  Let l S t - d i g i t ( r )  b e  

t h e  d i g i t  o f  r which i s  i m m e d i a t e l y  t o  t h e  r i g h t  o f  the de- 

cimal p o i n t ,  T h a t  d i g i t  o c c u p i e s  a s q u a r e  on t h e  o u t p u t  

t a p e .  If t h e  d i g i t - s y m b o l  on t h a t  s q u a r e  c h a n g e s  o n l y  f i -  

n i t e l y  inany times d u r i n g  t h e  e x e c u t i o n  of  t h e  l o o p ,  t h e n  a t  

t ime W ,  a f t e r  t h e  l oop  h a s  been  e x e c u t e d  i n  i t s  e n t i r e t y ,  

l s t - d i g i t ( r )  i s  a c e r t a i n  d i g i t .  I f ,  however ,  t h e  c o n t e n t  

of t h e  s q u a r e  f o r  I S t - d i g i t ( r )  c h a n g e s  i n f i n i t e l y  o f t e n  

d u r i n g  t h e  e x e c u t i o n  o f  t h e  l o o p ,  t h e n  t h a t  s q u a r e  has 

" b l u r "  i n  i t  a t  time W .  T h e r e f o r e ,  a t  time o ,  an  o u t p u t  

t a p e  v a r i a b l e ,  o r  a p a r t  o f  a n  o u t p u t  t a p e  v a r i a b l e ,  can 

h a v e  t h e  v a l u e  " b l u r " ,  r e g a r d l e s s  o f  t h e  manner i n  which  it J 
was o r i g i n a l l y  dec l a red .  



I 

A s  i n  t h e  l a n g u a g e  Fasoal we w i l l  u s e  s u b p r o g r a m s  t o  

d i v i d e  o u r  a l g o r i t h m s  i n t o  t h e i r  l o g i c a l  c o m p o n e n t s .  A sub- 

I . '  

p r o g r a m  i s  e i t h e r  a F u n a t i o n ,  w h i c h  r e t u r n s  t h e  v a l u e  of a 

s p e c i f i d  v a r i a b l e ,  o r  a P r o c e d u r e ,  which d o e s  n o t  n e c e s s a r i -  

l y  r e t u r n  t h e  v a l u e  o f  a s p e c i f i c  v a r i a b l e .  ' A  t y p i c a l  sub-  

program w i l l  be p r e s e n t e d  i n  t h e  f o l l o w i n g  fo rm:  

var  . , . { v a r i a b l e s  used i n  F u n c t i o n  F t h a t  a r e  dec l a red  

i n  t h e  program which  c a l l s  F) 

F u n c t i o n  F ( . . . { a r g u m e n t  l i s t ) .  . . ) : , , . { t y p e  o f  t h e  r e s u l t )  

var ... { v a r i a b l e s  w h i c h  a r e  l o c a l  t o  F u n c t i o n  F) 

. 

. 
{ e x e c u t a b l e  s t a t e m e n t s  i n  t h e  b o d y  of  F u n c t i o n  F) 

. 

e x i t  from F. 

In t h e  use of  s u b p r o g r a m s ,  t h e  reader  i s  warned  of t h e  

f o l l o w i n g  two f a c t s :  

(1 )  t h e r e  is  n o t  n e c e s s a r i l y  a o n e- t o- o n e  c o r r e s p o n d e n c e  

I-  --- 
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b e t w e e n  s u b p r o g r a m s  and augmented  T u r i n g  m a c h i n e s ,  a n d  t 

(2) t h e r e  is n o t  n e c e s s a r i l y  a o n e- t o- o n e  c o r r e s p o n d e n c e  

b e t w e e n  v a r  d e c l a r a t i o n s  and  augmented  T u r i n g  m a c h i n e  

t a p e s .  
- .  

These p o i n t s  a r e  i l l u s t r a t e d  by t h e  n e x t  e x a m p l e .  

ExaInple 3 .  C o n s i d e r  two p r o c e d u r e s ,  P and Q ,  w r i t t e n  as 

f o l l o w s  : 

P r o c e d u r e  P 

var i p ,  j p : i n t e g e r  

. 
* 

f o r  i p : = l  t o w a r d  w 

. 

f o r  j p : = l  t o w a r d  w 

. 

P r o c e d u r e  Q 

v a r  iq, j q : i n t e g e r  

. 
fo r  iq := l  t o w a r d  w 

. 

. 
f o r  j q : = 1  t o w a r d  w 

. 

T h e s e  two p r o c e d u r ' e s  may be  c a l l e d  s i m u l t a n e o u s l y  by a pro- 

) gram a s  fo l l ows :  
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P r o g r a m  MAIN 

D o v e t a i l  

[ c a l l  P I  

[ c a l l  Ql  

E n d- d o v e t a i l  

E x e c u t i o n  of  Program M A I N  w i l l  t a k e  p l a c e  i n  two p a r t s ,  each 

p a r t  t a k i n g  w time. I n  t h e  f i r s t  p a r t ,  t h e  !'For i p t l  l o o p  of 

P r o c e d u r e  P a n d  t h e  " F o r  i g "  l o o p  of  P r o c e d u r e  Q a r e  exe- 

c u t e d  s i m u l t a n e o u s l y .  I n  t h e  s e c o n d  p a r t ,  t h e  l lFor  j P 1 l  l o o p  

of P r o c e d u r e  P a n d  t h e  "For  jQ1' l o o p  of P r o c e d u r e  Q a r e  exe- 

c u t e d  s i m u l t a n e o u s l y .  I m p l e m e n t a t i o n  of P r o g r a m  MAIN by 

a u g m e n t e d  T u r i n g  machines w i l l  i n v o l v e  o n e  a u g m e n t e d  m a c h i n e  

t o  e x e c u t e  t h e  !!For i p t 8  and  !'For iQtl l o o p s ,  a n d  a n o t h e r  aug- 

m e n t e d  m a c h i n e  t o  e x e c u t e  t h e  " F o r  j p t l  a n d  " F o r  JQtl  loops. 

So t h e  a u g m e n t e d  m a c h i n e s  d o  n o t  c o r r e s p o n d  t o  Procedures  

P and Q. Let  u s  c a l l  t h e s e  m a c h i n e s  T i  a n d  Tg. 

1 

Let  u s  l o o k  a t  P r o c e d u r e  P i n  s l i g h t l y  more d e t a i l :  

P r o c e d u r e  P 

v a r  ip, j p : i n t e g e r  

a : i n t e g e r  

. 

. 
for i p : = ?  toward o i 

a:= .... 
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. 

, f o r  j p : = l  t o w a r d  w 

a:=  a + ... 

. 

The v a r i a b l e  a i s  d e c l a r e d  o n l y  once, b u t  i t s  v a l u e s  a r e  re-  

c o r d e d  a t  d i f f e r e n t  times o n  a t  l e a s t  t h r e e  t a p e s :  

( 1 )  t h e  o u t p u t  t a p e  o f  T i ,  

( 2 )  t h e  i n p u t  t a p e  (of Tj, and  

( 3 )  t h e  o u t p u t  t a p e  of Tj. 
I 

Depend ing  o n  o u r  c o n v e n t i o n s ,  w e  may c h o o s e  t o  c o n s i d e r  

items ( 1 )  and  ( 2 )  t o  loe t h e  same t a p e .  N o t i c e ,  h o w e v e r ,  

k h a t  one v a r  d e c l a r a t i o n  d e f i n e s  p a r t  o f  t h e  c o n t e n t  o f  

more t h a n  o n e  t a p e .  

I n  s p i t e l  o f  t h e  long l i s t  of n o t a t i o n a l  c o n v e n t i o n s ,  

there i s  a s m a l l  number of p r i n c i p l e s  w h i c h ,  t a k e n  t o g e t h e r ,  

d e s c r i b e  our no t i on  off a n  i n f i n i t e  a l g o r t h m .  T h e s e  p r i n -  

c i p l e s  c a n  be s t a t e d  iaS follows: 

An i n f i n i t e  a l g o r i t h m  

I 

( 1 )  h a s  a .  f i n i t e  i n p u t  a l p h a b e t ,  but may receive  as i t s  
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i n p u t ,  a n  i n f i n i t e  s e q u e n c e  o f  i n p u t  s y m b o l s ;  

( 2 )  has  a f i n i t e  o u t p u t  a l p h a b e t ,  b u t  may wri te ,  a s  i t s  

o u t p u t ,  a n  i n f i n i t e  s e q u e n c e  of o u t p u t  s y m b o l s ;  

( 3 )  may perform i n f i n i t e l y  many s t e p s  i n  o rder  t o  complete 

t h e  c o m p u t a t i o n ;  a n d  

( 4 )  c a n  be descr ibed  b y  w r i t i n g  a f i n i t e  set  of  i n s t r u c -  

t i o n s .  

As a f o o t n o t e  t o  item (21,  w e  add t h a t  a n  i n f i n i t e  a l g o r i t h m  

is composed of a f i n i t e  s e q u e n c e  o f  a u g m e n t e d  a l g o r i t h m s ,  
I 

a n d  t h a t  e a c h  a u g m e n t e d  a lgo r i t hm h a s  a s p e c i a l  o u t p u t  sym- 

b o l  l l b l u r l l ,  w h i c h  it may n o t  w r i t e  d u r i n g  a n y  f i n i t e  s t e p  i n  

t h e  course o f  i t s  e x e c u t i o n .  

1.3 Notes on t h e  l i t e r a t u r e  

The l i t e r a t u r e  o n  f i n i t e - s t a t e  m a c h i n e s  c o n t a i n s  many 

examples o f  a t t e m p t s  to e x t e n d  t h e  d e f i n i t i o n  o f  l lcomputa-  

t i o n "  i n  an i n f i n i t e  way. One s u c h  e f f o r t  a p p e a r s  i n  [21. 

I n  t h a t  work ,  M u l l e r  d e f i n e s  a n  i n f i n i t e  s e q u e n t i a l  m a c h i n e  

a s  a m o d i f i c a t i o n  o f  t h e  d e t e r m i n i s t i c  f i n i t e  a u t o m a t o n .  

MUller's m a c h i n e  is l i k e  t h e  f i n i t e  model i n  a l l  r e s p e c t s  

except o n e ; , n a m e l y ,  t h a t  t h e  u s u a l  s e t ,  P, of a c c e p t i n g  
1 
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s t a t e s  i s  r e p l a c e d  by a c o l l e c t i o n ,  F ,  o f  s e t s  o f  s t a t e s .  

M u l l e r ' s  m a c h i n e ,  M, h a s  f i n i t e l y  many s t a t e s ,  so  i f  w e  g i v e  

i t  an i n f i n i t e  s e q u e n c e  of s y m b o l s  ( a n  i n f i n i t e  i n p u t  s t r i n g  

x ) ,  i t  w i l l  e n t e r  c e r t a i n  of i t s  s t a t e s  i n f i n i t e l y  o f t e n .  

Let I n f ( x , M )  be  t h e  c o l l e c t i o n  of s t a t e s  e n t e r e d  i n f i n i t e l y  

o f t en  upon t h e  i n p u t  of x t o  M. The s t r i n g  x i s  a c c e o t e d  bv 

M i f f  I n f ( x , M )  6 F. 

. .  

t h e  f i r s t  k n t r y  i n  s. We w a n t  t o  d e t e r m i n e  w h e t h e r  s(l) 

occurs  i n f i n i t e l y  o f t e n  i n  s. We c a l l  t h i s  t h e  l l s ( l ) -  

prob lem" .  

I t  i s  easy t o  ' d e f i n e  a n  i n f i n i t e  T u r i n g  m a c h i n e  t o  s o l v e  

t h e  s ( 1 ) - p r o b l e m .  

h a v i n g  it c o m p a r e  each i n t e g e r  of s w i t h  s ( 1 )  r a t h e r  t h a n  

To dmo t h i s ,  m o d i f y  TI of Example 2 by 

42.  No o the r  m o d i f i c a t i o n  is n e e d e d .  (Note: We may e h o o s e  

t o  c o m p a r e  e a c h  s ( i )  to s ( 1 )  by  h a v i n g  t h e  i n p u t  t a p e  h e a d  

of  T I  move back a n d  f o r t h  b e t w e e n  s ( 1 )  and  s u c c e s s i v e  

e n t r i e s  s ( i ) .  S i n c e  s ( 1 )  i s  t h e  l e f t m o s t  i n t e g e r  o n  t h e  

t a p e ,  t h e  amount of  t a p e  movement i n c r e a s e s  as i becomes 

l a r g e .  To a v o i d  t h a t  b a c k t r a c k i n g  on t h e  i n p u t  t a p e ,  We c a n  
1 
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b e g i n  t h e  c o m p u t a t i o n  by w r i t i n g  a c o p y  o f  s ( 1 )  o n  t h e  o u t -  

p u t  t a p e .  T h e n , w e  s i m p l y  c o m p a r e  e a c h  s ( i )  on t h e  i n p u t  

t ape  t o  our c o p y  of s ( 1 )  on t h e  o u t p u t  t a p e .  A l t h o u g h  t h i s  

new s c h e m e  seems more  e f f i c i e n t ,  i t  w i l l  r e s u l t  i n  no t ime 

s a v i n g s  o n  t h e  i n f i n i t e  s c a l e .  The c o m p u t a t i o n  w i l l  t a k e  w 

s t e p s  e i t h e r  way we do i t . ) .  

T h e r e  is no  M u l l e r  i n f i n i t e  s e q u e n t i a l  m a c h i n e  w h i c h  c a n  

s o l v e  t h e  s ( l ) - p r o b l e m .  TQ see t h i s ,  l e t  M b e  an  i n f i n i t e  

m a c h i n e  i n  t h e  M u l l e r  sense. L e t  s be t h e  i n f i n i t e  s e q u e n c e  

<s(l), ~ ( 1 1 ,  ~ ( 1 1 ,  ..+>. If M s o l v e s  t h e  s ( 1 ) - p r o b l e m ,  t h e n  

M a c c e p t s  s e q u e n c e  s ,  so I n f ( s , M )  E F. L e t  M be  i n  s t a t e  q 

a f t e r  r e a d i n g  t h e  f i r s t  ~ ( 1 ) .  M a c h i n e  M h a s  f i n i t e l y  many 

s t a t e s ,  b u t  s(l), t h e  f i r s t  e n t r y  i n  s ,  can b e  a n y  o n e  o f  

i n f i n i t e l y  many d i s t i n c t  p o s i t i v e  i n t e g e r s .  T h u s  t h e r e  i s  

a n  i n t e g e r  s(l)tss(l) s u c h  t h a t  M would  b e  i n  s t a t e  q a f t e r  

r e a d i n g  ~ ( 1 ) ~ .  L e t  s '  be t h e  i n f i n i t e  s e q u e n c e  < s ( l ) * ,  

s(l), s(l), s ( l ) ,  ..., >. S i n c e  ~ ( 1 ) ~  o c c u r s  o n l y  o n c e  i n  

s l ,  M s h o u l d  n o t  a c c e p t  s ' .  B u t  M i s  i n  s t a t e  q a f t e r  rea-  

d i n g  ~ ( 1 ) ' .  T h e r e a f t e r ,  M b e h a v e s  e x a c t l y  a s  i f  it were 

i 

r e a d i n g  s e q u e n c e  s.  There fwe  M a c c e p t s  S ' .  T h i s  i s  a con-  

t r a d i c t i o n .  0 

I n  131 B u c h i  d e f i n e s  a n  i n f i n i t e  s e q u e n t i a l  m a c h i n e  

w h i c h  i s  shown b y  McNaughton C43 t o  be e q u i v a l e n t  to 

Muller rs  mode l .  I n  [5:1 R a b i n  uses  t h e  B u c h i  automaton t o  

p r o v e  t h e  d e c i d a b i l i t y  of  t h e  s e c o n d- o r d e r  t h e o r y  o f  two 
1 
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successor  f u n c t i o n s  ( S 2 S ) .  Rabin  b e g i n s  b y  e x t e n d i n g  

B u c h i ' s  d e f i n i t i o n  t o  t h a t  of  an a u t o m a t o n  which  a c c e p t s  a n  

i n f i n i t e  b i n a r y  t r e e .  (We c a l l  t h i s  a Rab in  a u t o m a t o n . )  

He t h e n  shows t h a t  

( 1 )  For  t h e  c l a s s  o f  Rab in  a u t o m a t a ,  t h e  e m p t i n e s s  problem 

( G i v e n  a u t o m a t o n  R ,  i s  t h e r e  a t r e e  t h a t  i s  accepted 

by R ? )  is dec idab le ;  and 

(2) For e v e r y  f o r m u l , a ,  F ,  o f  S2S, t he r e  is  a R a b i n  au toma-  

t o n ,  R ,  s u c h  t h a t  F is t r u e  i f f  t h e r e  is a n  i n f i n i t e  

t r e e  which is accepted by  R .  

We proceed t o  show t h a t  ( 1 )  does  n o t  h o l d  f o r  t h e  c l a s s  of  

a u g m e n t e d  T u r i n g  m a c h i n e s .  I n  t h e  theorem and  its proof ,  

t l d e c i d a b l e l l  a n d  l l u n d e c i d a b l e l t  h a v e  t h e i r  u s u a l  m e a n i n g s ,  

namely,  t h e  e x i s t e n c e  or n o n- e x i s t e n c e  of a f i n i t e  T u r i n g  

m a c h i n e  t o  s o l v e  t h e  given problem. 

Theorem 1 .  The e m p t i n e s s  problem for augmented  T u r i n g  ma- 

c h i n e s  i s  u n d e c i d a b l e .  

P r o o f .  We d e f i n e  a n  e f f e c t i v e  p r o c e d u r e  t h a t  t u r n s  t h e  de-  

s c r i p t i o n  o f  a f i n i t e  T u r i n g  m a c h i n e ,  T ,  i n t o  t h a t  of  a n  

augmented  T u r i n g  m a c h i n e  HT. G i v e n  T ,  l e t  HT b e g i n  

1 b y  w r i t i n g  l l d o e s - n o t - a c c e p t l l  o n  i t s  o u t p u t  t a p e .  Then f o r  

X ,  a f i n i t e  , s t r i n g  of s y m b o l s  which we i n t e n d e d  t o  g i v e  t o  T 



a s  i n p u t ,  HT s i m u l a t e s  t h e  a c t i o n  o f  T o n  x. I f  T h a l t s  I 

i n  a n  a c c e p t i n g  s t a t e  ' then HT o h a n g e s  I 1 d o e s - n o t - a c c e p t v t  

t o  * * a c c e p t s " ,  a n d  i d l e s  u n t i l  time W .  I f  T h a l t s  i n  a non- 

a c c e p t i n g  s t a t e ,  t h e n  I ~ T  i d l e s  w i t h o u t  c h a n g i n g  t h e  sym- 

bol t l d o e s - n o t - a c c e p t l t .  

p l y  s i m u l a t e s  T u n t i l  t ime w .  

If T n e v e r  h a l t s ,  t h e n  HT s i m -  

.. 
C l e a r l y  HT a c c e p t s  x i f  and  o n l y  i f  T a c c e p t s  x. 

F u r t h e r m o r e  HT is a n  augmented  T u r i n g  m a c h i n e .  Even 

t h o u g h  t h e  a c t i o n  of  an augmented  m a c h i n e  i s  i n f i n i t e ,  t h e  

d e s c r i p t i o n  o f  s u c h  a m a c h i n e  i s  a l w a y s  f i n i t e .  ( I . e . s  a n  

a u g m e n t e d  T u r i n g  m a c h i n e  h a s  f i n i t e l y  many s t a t e s ;  a f i n i t e  

i n p u t  a l p h a b e t ,  e t c .  One can wr i te  t h e  i n s t r u c t i o n s  t h a t  

d e s c r i b e  a n  augmented  a l g o r i t h m  on a f i n i t e  amount  of  
1 

p a p e r .  1 I t  i s  i n t u i t i v e l y  c l ea r  t h a t  t h e  t r a n s f o r m a t i o n  

from T t o  HT is recursive.  

G i v e n  T a n d  x a s  a b o v e ,  l e t  M T , ~  b e  t h e  augmented  

T u r i n g  machine w h i c h ,  o n  a n y  i n p u t  s t r i n g  w ,  i g n o r e s  w a n d  

s i m u l a t e s  t h e  a c t i o n  o f  HT o n  x .  

q u e n c e  x i f  a n d  o n l y  i f  M T , ~  a c o e p t s  any ( i . e . ,  a l l )  

i n p u t  s e q u e n c e s .  T h u s ,  i f  t h e  e m p t i n e s s  p r o b l e m  fo r  augmen- 

Machine  T a c c e p t s  se- 

t ed  T u r i n g  machi,nes i s  d e c i d a b l e ,  we can also e f f e c t i v e l y  

d e c i d e ,  f o r  a n y  f i n i t e  T u r i n g  m a c h i n e  T a n d  a n y  f i n i t e  Se- 

q u e n c e  x ,  w h e t h e r  T a c c e p t s  x, S i n c e  t h i s  is known t o  be 

i m p o s s i b l e ,  h a v e  p r o v e d  t h e  theorem. 0 
1 



I 
Thus R a b i n ' s  c l a u s e  ( I ) ,  g i v e n  a b o v e ,  d o e s  no t  ho ld  when 

. m o d i f i e d  t o  a p p l y  t o  i n f i n i t e  T u r i n g  mach ines .  I n  f a c t ,  t h e  

o p p o s i t e  h o l d s :  

( 1 )  For t h e  c l a s s  o;fc augmented T u r i n g  m a c h i n e s ,  t h e  

e m p t i n e s s  problem i s  u n d e c i d a b l e .  

H i n g  m o d i f i e d  R a b i n ' s  c l a u s e  ( 1  ) i n  suc,. a mainner,  o n e  

would s u s p e c t  t h a t  we can modi fy  h i s  c l a u s e  ( 2 )  t o  p r o v e  

t h a t  a p a r t i c u l a r  t h e o r y  i s  u n d e c i d a b l e .  Let  K b e  a t h e o r y  

( p e r h a p s  a s e c o n d - o r d e r  t h e o r y ) .  I n  o r d e r  t o  use R a b i n ' s  

t e c h n i q u e  t o  p r o v e  t h a t  K is u n d e c i d a b l e ,  we need ' t o  p r o v e  

t h e  f o l l o w i n g  vtreversedlt v e r s i o n  o f  R a b i n ' s  c l a u s e  (2): 
1 

( 2 ) '  For e v e r y  augmented T u r i n g  mach ine ,  H ,  t h e r e  i s  a 

formula ,  F, o f  1C s u c h  t h a t  F i s  t r u e  i f f  t he r e  i s  an  

i n p u t  s e q u e n c e  which i s  a c c e p t e d  b y  H, 

T h e  d i f f i c u l t y  i n  u s i n g  t h i s  i n f o r m a t i o n  a r i s e s  i n  f i n d i n g  

t h e  t h e o r y  K ,  Rabin makes i n f i n i t e  t r e e  a u t o m a t a  c o r r e s p o n d  

t o  t h e  t h e o r y  S2S b y  d e m o n s t r a t i n g  t h a t  a c c e p t a n c e  o f  a t r e e  

by an au toma ton  is  d e f i n a b l e  i n  S2S. The s e t ,  over which we 

q u a n t i f y  i n  t h e  s econd  o r d e r  t h e o r y  S2S, c o r r e s p o n d s  t o  a 

s e t  o f  nodes  on  t h e  i n f i n i t e  t ree .  T h i s  i s  t h e  s e t  o f  nodes  

t h a t  t h e  au toma ton  may v i s i t  w h i l e  b e i n g  i n  a p a r t i c u l a r  

s t a t e .  (By "may v i s i t "  we mean t h e  f o l l o w i n g :  Automaton A 

may v i s i t  node n i n  s t a t e  q i f f ,  d u r i n g  a r u n  of A i n  which  

- 
7-1 ~ - -  
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A a c c e p t s  t h e  t r e e ,  A i s  i n  s t a t e  q when i t  v i s i t s  n o d e  n . )  , 

An a u t o m a t o n  visi ts  each n o d e  o f  i t s  i n p u t  t r e e  o n l y  o n c e .  

However, a n  augmented  T u r i n g  m a c h i n e  may v i s i t  each o f  i t s  

i n p u t  t a p e  s q u a r e s  more t h a n  o n c e .  The d e f i n i t i o n  of accep- 

t a n c e  by a n  augmented  T u r i n g  m a c h i n e  i s  t h u s  more compli- 

o a t e d .  T h i s  is where R a b i n ' s  me thods  fai.1 t o  h e l p  US  f k n d  

t h e  a p p r o p r i a t e  t h e o r y  K. 

R e c e n t l y  B a v e l  C63 has  a t t e m p t e d  t o  e x p a n d  a u t o m a t a  

t h e o r y  t o  i n c l u d e  m a c h i n e s  w i t h  i n f i n i t e l y  many s t a t e s .  

B a v e l ' s  m a c h i n e  d i f f e r s  from an augmented  T u r i n g  m a c h i n e  

( a n d  from Muller ' s  i n f i n i t e  s e q u e n t i a l  m a c h i n e )  i n  s e v e r a l  

w a y s ,  t h e  m o s t  i m p o r t a n t  o f  which i s  t h a t  B a v e l ' s  m a c h i n e  

d o e s  n o t  a c c e p t  i n f i n i t e  s e q u e n c e s .  B a v e l ' s  m a c h i n e  a o c e p t s  

o n l y  f i n i t e  s e q u e n c e s ,  so  t h e  d e f i n i t i o n  o f  a c c e p t a n c e  i s  

t h e  u s u a l  o n e .  ( I .e . ,  t h e r e  is a se t  o f  a c c e p t i n g  s t a t e s ,  

and a mach ine  m u s t  l a n d  i n  o n e  o f  t h e s e  s t a t e s . )  S i n c e  

the re  a r e  i n f i n i t e l y  many s t a t e s ,  t h e  m a c h i n e  c a n  remember 

a n  i n d e f i n i t e l y  l a r g e  amount of  i n f o r m a t i o n .  The s t a t e s  

p e r f o r m  t h e  same r o l e  a s  t h e  i n f i n i t e  t a p e  of a f i n i t e  

T u r i n g  m a c h i n e .  B a v e l ' s  most p o w e r f u l  m a c h i n e  i s ,  in f a c t ,  

e q u i v a l e n t  i n  power t o  a f i t ? i t e  T u r i n g  m a c h i n e .  

I n  t h i s  p a p e r  we a t t e m p t  t o  c a p t u r e  t h e  f u l l  n o t i o n  of 
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h a v e  a r i s e n  a s  e x t e n s i o n s  o f  t h e  t heo ry  o f  r e c u r s i v e  f u n c-  

t i o n s .  I n  Rogers “71 and  K l e e n e  E81 we see t h e  e x t e n s i o n  of 

r e c u r s i v e  f u n c t i o n  t h e o r y  t o  i n c l u d e  r e c u r s i v e  f u n c t i o n a l s .  

An augmented  T u r i n g  m a c h i n e  is  a d e v i c e  whose i n p u t  and  o u t -  

p u t  may b o t h  b e  i n f i n i t e  s e q u e n c e s  o f  i n t e g e r s ,  An i n f i n i t e  

s e q u e n c e  o f  i n t e g e r s  fs a f u n c t i o n .  Thus  a n  a u g m e n t e d  

T u r i n g  m a c h i n e  is  a f u n c t i o n a l  ( a  mapp ing  from f u n c t i o n s  t o  

f u n c t i o n s ) .  I n  “ 7 3  the  t h e o r y  of  r e c u r s i v e  f u n c t i o n s  i s  

e x t e n d e d  t o  f u n c t i o n a l l s  w i t h  t h e  h e l p  of  o r a c l e s .  I n  C81 

t h e  t h e o r y  i s  e x t e n d e d  by d e f i n i n g  a d d i t i o n a l  schema, U s i n g  

e i t h e r  method, t h e  f u n c t i o n a l s  which a r e  c o n s i d e r e d  t o  be 

l tcomputablel l  a r e  a l l  “ c o n t i n u o u s t 1 ,  I .@, , i n  c o n n . e c t i o n  w i t h  

e i t h e r  d e f i n i t i o n  i s  a theorem o f  t h e  f o l l o w i n g  s o r t :  L e t  F 

be  a c o m p u t a b l e  f u n c t i o n a l ,  Then f o r  e v e r y  f u n c t i o n ,  f ,  

t h e r e  i s  a n o n - n e g a t i v e  i n t e g e r ,  n ,  such  t h a t  

1 

Thus  t h e  v a l u e  o f  F on f d e p e n d s  o n l y  o n  some f i n i t e  p a r t  of  

f ,  ( I n  Rogers, c o n t i n u i t y  i s  p r o v e d  i n  C o r o l l a r y  X X I  o n  

Page  353, The p r o o f  i s  g i v e n  i n  terms of  t h e  Bai re  t o p o-  

l o g y ,  b u t  it i s  a s t r a igh t fo rward  c o n s e q u e n c e  of Rogers’ 

d e f i n i t i o n  of l t f u n c t i o n a l f l .  The d e f i n i t i o n  s t a t e s  t h a t ,  i n  

o r d e r  t o  p r o d u c e  a v a l u e ,  f u n c t i o n a l  F c a n  c o n s u l t  the 

o r a c l e  f o r  f u n c t i o n  f o n l y  f i n i t e l y  many t imes.)  T h i s  c o n-  

t i n u i t y  p r o p e r t y  does n o t  h o l d  f o r  f u n c t i o n a l s  d e f i n e d  by 

augmented  T u r i n g  m a c h i n e s ,  a s  w e  h a v e  shown i n  E x a m p l e  2. 
1 \, 
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2 .  T h e  L i m i t  o f  a S e q u e n c e  of R a t i o n a l  Numbers 

2.1 D e f i n i t i o n  of t h e  problem 

K e e p i n g  i n  mind o u r  d e f i n i t i o n  o f  a n  i n f i n i t e  T u r i n g  

m a c h i n e ,  we w i l l  now e x a m i n e  an  i n t e r e s t i n g  c o n c r e t e  

example.  The example , w i l l  g i v e  u s  some s e n s e  of t h e  power 

of an i n f i n i t e  m a c h i n e .  The w o r s t  case r u n n i n g  time f o r  

t h i s  m a c h i n e  w i l l  be w 2 .  So t h e  e x a m p l e  w i l l  f o rce  u s  t o  

p o s e  t h e  q u e s t i o n :  Can t h e  same problem be s o l v e d  by an i n -  

f i n i t e  m a c h i n e  whose w o r s t  case  r u n n i n g  time is  W ?  A t  t h e  

end  o f  S e c t i o n  3 we w i , l l  show t h a t  s u c h  a m a a h i n e . d o e s  n o t  

exist. T h u s ,  we w i l l  lhave a c o u n t e r e x a m p l e  t o  d i s p u t e  t h e  

h y p o t h e s i s  t h a t  " a n y  e o m p u t a t i o n  t h a t  c a n  be  d o n e  i n  w(n+l) 

time c a n  b e  d o n e  i n  w n  time". 

i 

The problem t h a t  we h a v e  c h o s e n  t o  s o l v e  u i t h  an i n f i -  

n i t e  m a c h i n e  is  t a k e n  :Prom p u r e  and a p p l i e d  mathemat ics .  It 

l e n d s  i t s e l f  v e r y  n a t u r a l l y  t o  s o l u t i o n  by a n  i n f i n i t e  com- 

p u t  a t  ion. 

Problem 1. G i v e n  a n  i n f i n i t e  s e q u e n c e ,  s ,  o f  r a t i o n a l  nuin- 

b e r s ,  d e t e r m i n e  whether  s c o n v e r g e s ,  a n d  i f  i t  does ,  

f i n d  t h e  r e a l  numbier t o  which i t  c o n v e r g e s .  

Notice t h a t  no  a s s u m p t i o n s  h a v e  b e e n  made a b o u t  t h e  re- 
I '  

W l a r i t y  of t h e  i n f i n i t e  s e q u e n c e  s,  o r  the  r e g u l a r i t y  of 
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) t h e  dec imal  e x p a n s i o n  o f  t h e  r e a l  nuinber t o  w h i c h  s c o n v e r-  

g e s .  No o b s e r v a b l e  p a t t e r n s  a r e  assumed t o  o c c u r  i n  e i t h e r  

o f  t h e s e  s e q u e n c e s .  Thus  w e  d o  n o t  a s s u m e  t h e  e x i s t e n c e  o f  

a f i n i t e  d e s c r i p t i o n  of s e q u e n c e  s o r  of i t s  r e a l- n u m b e r  

l i m i t .  I n  c o n t r a s t  t o  t h i s ,  s e v e r a l  a u t h Q r s  h a v e  a t t e m p t e d  

t o  d e f i n e  t h e  n o t i o n  of a r e c u r s i v e  r e a l  number.  The  work 

i n  this field i n o l u d e s  p a p e r s  b y  Rice 191, Mostowski  [ l o ] ,  

L a c h l a n  C111 and o t h e r s .  Rice d e s c r i b e s  a r e c u r s i v e  r e a l  

number i n t u i t i v e l y  a s  'lone f o r  which we c a n  e f f e c t i v e l y  g e-  

nera te  as l o n g  a d e c i m a l  e x p a n s i o n  a s  we wish".  F i r s t  

c h o o s e  a r e c u r s i v e  f u n c t i o n  from i n t e g e r s  t o  p a i r s  of i n t e -  

g e r s ,  s o  a s  t o  o b t a i n  a r e c u r s i v e  i n d e x i n g  o f  t h e . r a t i o n a 1  

n u m b e r s .  A s e q u e n c e  of' r a t i o n a l s  i s  r e c u r s i v e l y  e n u m e r a b l e  

if i t s  c o r r e s p o n d i n g  s e q u e n c e  of i n t e g e r s  i s  <g(O), g ( l ) ,  

g(2 )  , ... > fo r  some r e c u r s i v e  f u n c t i o n  g, An r o e o  s e q u e n c e  

< a ( O ) ,  a ( l ) ,  . . .> of  r ( a t i o n a 1  n u m b e r s  i s  r e c u r s i v e l y  c o n v e c -  

g e n t  i f  t h e r e  i s  a r e c u r s i v e  f u n c t i o n ,  h ,  t o  d e c i d e ,  f o r  

each n ,  how f a r  a l o n g  o n  t h e  s e q u e n c e  we m u s t  l ook  i n  order  

t o  be a s s u r e d  t h a t  

1 

Rice p r o v e s  t h e  f o l l o w i n g :  T h e r e  is  no f i n i t e  T u r i n g  ma- 

c h i n e  t o  d e t e r m i n e  w h e t h e r  t h e  l i m i t  of  a r e c u r s i v e l y  enu-  

merable ,  r e c u r s i v e l y  c o n v e r g e n t  s e q u e n c e  o f  r a t i o n a l  n u m b e r s  

We w i l l  see i n  t h i s  s e c t i o n  t h a t  t he re  is ,,is e q u a l  t o  zero.  
1 

an i n f i n i t e , T u r i n g  m a c h i n e  t o  s o l v e  t h i s  p r o b l e m  f o r  a r b i -  
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t r a r y  s e q u e n c e s  o f  r a t j - o n a l s ,  u s i n g  t h e  c o n v e n t i o n a l  a n a l y -  

t i c  d e f i n i t i o n  o f  c o n v e r g e n c e .  We w i l l  see i n  S e c t i o n  3 

. t h a t  t h e  p r o b l e m G c a n n o t  b e  s o l v e d  by an augmented  T u r i n g  

I 

m a c h i n e .  

2.2 S o l u t i o n  of t h e  p r o b l e m  - i n t u i t i v e . .  e x p l a n a t i o n  

To s i m p l i f y  t h e  n o . , a t i o n  we assume t h a t  all r a t i o n a r s  

a n d  rea ls  l i e  i n  t h e  c l tosed  i n t e r v a l  C0,Il. Any number 

i n  t h a t  i n t e r v a l  h a s  a d e c i m a l  e x p a n s i o n  i n  w h i c h  t h e  

most s i g n i f i c a n t  d i g i t  i s  t o  t h e  r i g h t  o f  t h e  d e c i m a l  p o i n t .  

None of t h e  c o n c e p t u a l  f l a v o r  of t h e  e x a m p l e  is  lost i n  

making  t h i s  a s s u m p t i o n .  1 

We w i l l  c o n s t r u c t  a n  i n f i n i t e  a l g o r i t h m  t o  s o l v e  Prob- 

lem 1 ,  The a l g o r i t h m  w i l l  be c a l l e d  "Program PROBLEMI". 

The "top-down" p l a n  of Program PROBLEM1 is  as fo l lows:  

( a )  The  i n p u t  t o  Program PROBLEMI i s  an i n f i n i t e  se- 

q u e n c e  { X i / y i I f = ,  of r a t i o n a l  numbers,  

x i / y i  w i l l  b e  g i v e n  a s  a p a i r  < x i , y i >  of n o n - n e g a t i v e  i n t e -  

g e r s ,  w i t h  yi>XiZO.  These i n t e g , e r s  c a n  be e n c o d e d  o n  a n  

i n p u t  t a p e  u s i n g  t h e i r  c o n v e n t i o n a l  d e c i m a l  (base  10) r e p r e -  

s e n t a t i o n s .  They a p p e a r  o n  t h e  t a p e  i n  t h e  f o l l o w i n g  o r d e r :  

Each r a t i o n a l  number 

*,. ' 



A vtcommatt symbol  a c t s  a s  s e p a r a t o r  be tween  two i n t e g e r s ,  

( b )  L e t  a f i n i t e  s t r i n g  of  symbo l s  b e  c a l l e d  a f i n i t e  

d e c i m a l  e x p a n s i o n  i f  i t s  l e f t m o s t  symbol i s  a d e c i m a l  

p o i n t ,  a n d  a l l  of i t s  o t h e r  symbols  a r e  d e c i m a l  d i g i t s  

( 0  t h r o u g h  9 ) .  Each f i n i t e  d e c i m a l  e x p a n s i o n  r e p r e s e n t s  a 

r a t i o n a l  number .  When we w r i t e  t h a t  tlq i d  a f i n i t e  d e c i m a l  

e x p a n s i o n"  we w i l l  o f t e n  refer a l s o  t o  " t h e  r a t i o n a l  number 

q".  We assume  t h a t  t h e  s e t  o f  f i n i t e  d e c i m a l  e x p a n s i o n s  i s  

l i n e a r l y  o r d e r e d  by a r e c u r s i v e  i n d e x i n g  C e . g . ,  l e x i c o g r a -  

p h i c a l  o r d e r i n g ) .  T h u s ,  f o r  e a c h  p o s i t i v e  i n t e g e r  i ,  we can 

r e f e r  t o  t h e  ith f i n i t 8 e  d e c i m a l  e x p a n s i o n .  
J 

( c >  Here's how Program PROBLEM1 works:  Let i b e  a p o s i -  

t i v e  i n t e g e r .  A t  s t e p  i i n  t h e  c o m p u t a t i o n ,  f i n d  r1 , r2 , . . .  

r i p  t h e  i mos t  s i g n i f i c a n t  d i g i t s  i n  t h e  d e c i m a l  e x p a n s i o n  

of X i / Y i .  

each j be tween  1 and i ,  compute t h e  d i f f e r e n c e  between t h e  

d e c i m a l  number O . r l r 2 . . . r i  and t h e  j th f i n i t e  d e c i m a l  expan-  

Write t h e s e  d i g i t s  on t h e  o u t p u t  t a p e .  Also, f o r  

s ion  q j .  C a l l  t h i s  d i f f e r e n c e  d i f f j .  Write t h e s e  d i f -  

f e r e n c e s  on t h e  o u t p u t ,  t a p e .  Thus a t  e a c h  s t e p ,  i ,  t h e  a l -  

gor i thm writes new v a l u e s  o f  d i g i t s  r l ,  . . . , r i ,  p r i n t i n g  them 

O v e r  t h e  o l d  v a l u e s .  The a l g o r i t h m  a l s o  writes new v a l u e s  

for t h e  d e c i m a l  d i f f e r e n c e s  d i f f l , . .  . , d i f f i ,  p r i n t i n g  them 

1 '  O v e r  the v a l u e s  c a l c u l a t e d  i n  t h e  p r e v i o u s  S t e p .  
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C o n s i d e r  t h e  d i g i t  r l .  I t  i s  p o s s i b l e  t h a t ,  a t  some 

s t e p  i n  t h e  c o m p u t a t i o n ,  r l  t a k e s  O M  a c e r t a i n  d i g i t  v a l u e ,  

R 1 ,  a n d  n e v e r  c h a n g e s  a g a i n .  I n  t h i s  case ,  the value of r., 

a t  t ime w i s  t h e  d i g i t  R1. If t h i s  h a p p e n s  w i t h  e a c h  of 

t h e  d i g i t s  r 1 , r 2 1 . . . 9  t h e n  a t  t ime  w we h a v e  an i n f i n i t e  

d e c i m a l  e x p a n s i o n  O . R . 1 R 2 -  t o  w h i c h  i X i / y i I ; = l  converges. 

We m i g h t  o o n c l u d e  t h a t  o u r  a l g o r i t h m  h a d  t a k e n  o n l y  w s t e p s  

t o  c o m p l e t e  i t s  m i s s i o n .  B u t  t h e r e  is o n e  v e r y  i m p o r t a n t  

d e t a i l  remaining:  b e g i n n i n g  a t  t ime w t h e  a lgor i thm m u s t  

c h e c k  e a c h  d i g i t  r l , r 3 9 r 3 , 0 0 .  L, t o  v e r i f y  t h a t  t h e  v a l u e  o f  

e a c h  d i d  i n d e e d  s e t t l e ,  I t  c a n  t a k e  ano the r  w s t e p s  t o  do  

t h i s  c h e c k i n g .  

1 

! 
1 

I f ,  f o r  some p o s i t i v e  i n t e g e r  i ,  r i  d i d  n o t  s e t t l e ,  then 

it w i l l  o n l y  t a k e  f i n i t e l y  many s t e p s  t o  d i s c o v e r  t h i s .  A 

good e x a m p l e  of t h i s  occurs when { x i / y i } w  

0.55 by o s c i l l a t i n g  a r o u n d  it: 

c o n v e r g e s  t o  i = l  

x l / y l  = 0 .550111 , . .  ( i n f i n i t e l y  many 1's) 

x2 /y2  = 0.549888... ( f n f i n i t e l y  many 8's) 

~ 3 / y 3  = O . ' 5 5 O O l  1 . 

e t c .  
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J 

A t  time W ,  t h e r e  i s  a l % l u r l l  i n  t h e  s q u a r e  f o r  r 2 .  The a l-  

g o r i t h m  f i n d s  t h i s  l f b l u r l l  v e r y  q u i c k l y ,  i . e . ,  o n l y  f i n i t e l y  

many s t e p s  a f t e r  t ime W .  We W i l l  g i v e  t h e  a l g o r i t h m  a l l  t h e  

t e c h n i c a l  e q u i p m e n t  itt n e e d s  t o  d e d u c e  t h a t ,  i n  t h i s  case ,  

ma_y c o n v e r g , e  t o  0.550 We emphasxze  t h e  word I x i / Y i l r =  1 <- 

"may" because t h e  lrbluir lf  i n  p l a c e  of  r 2  i s  n o t  c o n c l u s i v e  

e v i d e n c e  t h a t  t h e  s e q u e n c e  d o e s  o r  d o e s  n o t  c o n v e r g e  t o  

0.55. Me w i l l  see i n  t h e  formal t r e a t m e n t  t h a t  t h e  a l g o-  

r i t h m  c a n  d e t e r m i n e  t h a t  t h e  d i g i t  1-2 o s c i l l a t e d  b e t w e e n  4 

and 5. After m a k i n g  t h i s  d e t e r m i n a t i o n ,  t , h e  a l g o r i t h m  w i l l  

h a v e  t o  v e r i f y  t h a t  { x : i / y i ] y = l  c o n v e r g e s ,  b y  f i n d i n g  t h e  

v a l u e  of j s u c h  t h a t  0.55 i s  t h e  jth f i n i t e  d e c i m a l  expan-  

s i o n ,  a n d  c h e c k i n g  t h a t  d i f f j  i s  e q u a l  t o  zero.  
1 

The  d i f f i c u l t y  w h i c h  remains i s  t h a t  d i f f j  now h a s  i n f i -  

n i t e l y  many d i g i t s ,  s i n c e  t h e  a l g o r i t h m  computed  i d i g i t s  o f  

d i f f j  a t  e a c h  s t e p  i. 

zero means c h e c k i n g  the i n f i n i t e  number of  d i g i t s  i n  d i f f j .  

So o h e c k i n g  d i f f j  for  e q u a l i t y  t 0  

( d )  P r o g r a m  PROBLEM? w i l l  b e  p r e s e n t e d  r i g o r o u s l y  a s  a 

d o v e t a i l e d  c o m b i n a t i o n  of a s u b p r o g r a m  c a l l e d  P r o c e d u r e  

I N F I N I T E ,  a n d  s e v e r a l  c o p i e s  of  a n o t h e r  s u b p r o g r a m  c a l l e d  

F u n c t i o n  FINITE, 

l o o p s .  

Each of t h e s e  s u b p r o g r a m s  h a s  two m a i n  

The f i r s t  loop  t a k e s  W t ime, a n d  t h e  s e c o n d  l o o p  

' t a k e s  up t o  w t ime,  I n  e a c h  case ,  t h e  f i r s t  l o o p  c r ea t e s  an 1 
i n f i n i t e  se .quence  of ;symbols, a n d  t h e  s e c o n d  loop c h e c k s  
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i ' t h a t  i n f i n i t e  s e q u e n c e  f o r  o c c u r r e n c e s  o f  t h e  l 1 b l u r l t  s y m b o l ,  

F u n c t i o n  FINITE answers l l t r u e l l  o r  l l f a l s e l l  t o  whether  

t x i / . y i  } ;' 
p a n s i o n .  P r o c e d u r e  INFINITE t r i e s  t o  o r e a t e  a n  i n f i n i t e  

d e c i m a l  e x p a n s i o n  t o  which  { X i / y i I i = ,  may c o n v e r g e .  

c o n v e r g e s  t o  q ,  a p a r t i c u l a r  f i n i t e  d e c i m a l  ex- 

0 

T h e  i n t u i t i v e  i d e a s  b e h i n d  t h e  s u b p r o g r a m s  FINITE a n d  

INFINITE are  now g iven  i n  more d e t a i l :  

( e l  T h e  i n p u t  t o  F u n c t i o n  FINITE i s  an i n f i n i t e  s e q u e n c e  

t x I / Y i l ; = l  of r a t i o n a l l  numbers, a n d  a number ,  q ,  w i t h  a f i -  

n i t e  d e c i m a l  e x p a n s i o n .  The o u t p u t  of  t h e  a l g o r k t h m  is t h e  

v a l u e  " t r u e f l  i f  i x i / y j L l  i=, c o n v e r g e s  t o  q ,  a n d  l l f a l s e t t  

o t h e r w i s e ,  

w 

1 

Let  i be a p o s i t i v e  i n t e g e r .  A t  s t e p  i i n  t h e  computa-  

t i o n ,  F u n c t i o n  FINITE f i n d s  t h e  i m o s t  s i g n i f i c a n t  d i g i t s  of 

the d i f f e r e n c e  b e t w e e n  x i / y i  and  q, If t h e  f u n c t i o n  is  exe- 

c u t e d  by a n  i n f i n i t e  T u r i n g  m a c h i n e ,  t h e  m o s t  s i g n i f i c a n t  

d i g i t  o f  t h i s  d i f f e r e n c e  c a n  a l w a y s  b e  w r i t t e n  on  t h e  l e f t -  

m o s t  s q u a r e  of t h e  m a c h i n e w s  o u t p u t  t a p e ,  

I 

L i k e w i s e ,  t h e  k t h  

most s i g n i f i c a n t  d i g i l c  of  t h e  d i f f e r e n c e  can a l w a y s  be writ- 

t e n  o n  t h e  k t h  s q u a r e  o f  t h e  t a p e .  

t o  q ,  the d i f f e r e n c e s  t h u s  computed  w i l l  g e t  sma l l e r  a n d  

smal le r  a s  i becomes :Large. I t  i s  i n t u i t i v e l y  s e n s i b l e  t h e n  

t h a t  e a c h  d i g i t  on t h e  o u t p u t  t a p e  w i l l  s e t t l e  i n t o  b e i n g  

zero, T h i s ,  s e n s i b l e  c l a im  w i l l  be made r i g o r o u s  by Lemma 

I f  { X i / y i } T = ,  c o n v e r g e s  

1 
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I 
I 
I 
~ 

2 - 10  T h u s ,  a t  s t e p  w + i i n  t h e  execut ion  o f  F u n c t i o n  1 

F I N I T E ,  t h e  f u n c t i o n  c h e c k s  t o  see i f  t h e  ith s q u a r e  o n  i t s  

o u t p u t  t a p e  c o n t a i n s  a z e r o .  If t h e  f u n c t i o n  e v e r  f i n d s  a 

n o n- z e r o  s y m b o l ,  i t  c o n c l u d e s  t h a t  d o e s  n o t  c o n -  

v e r g e  t o  q. O t h e r w i s e  i t  c o n c l u d e s ,  a f t e r  c h e c k i n g  e a c h  of  

t h e  w-many d i g i t s ,  t h a t  { X i / y i I w  

w 

does c o n v e r g e  t o  q .  i = l  

(f) T h e  i n p u t  t o  P r o c e d u r e  INFINITE i s  a n  i n f i n i t e  se- 

q u e n c e ,  € x i / Y i I y = ,  , of  r a t i o n a l  numbers .  

P r o c e d u r e  INFINITE i s  i n  two p a r t s .  The f i r s t  p a r t  is  a n  

i n f i n i t e  s e q u e n c e  o f  s y m b o l s  ( w h i c h  we w i l l  c a l l  r1,rZ7 

r 3 , * . . ) ,  e a c h  of w h i c h  i s  e i t h e r  a dec ima l  d i g i t . o r  t h e  

s y m b o l .  The s e c o n d  p a r t  i s  t h e  smallest  v a l u e  o f  k 

The o u t p u t  o f  

1 
s u c h  t h a t  r k  = l lb lu r l l  ( i f  s u c h  a V a l u e  e x i s t s ) .  

P r o c e d u r e  I N F I N I T E ' w i l l  a t t e m p t  t o  r e c o r d  a s u c c e s s i o n  

of  b e t t e r  a n d  b e t t e r  a p p r o x i m a t i o n s  ( i . e . ,  more and  more 

d i g i t s )  f o r  t h e  l i m i t ;  o f  EXi/YiI ;=1,  a s s u m i n g  t h a t  t h i s  li- 

m i t  has a n  i n f i n i t e  d e c i m a l  e x p a n s i o n .  B e g i n n i n g  a t  t ime W )  

P r o c e d u r e  INFINITE w i l l  scan t h e  i n f i n i t e  e x p a n s i o n  $ h a t  i t  

h a s  c r e a t e d ,  c h e c k i n g  t o  see  i f  a n y  o f  i ts  s y m b o l s  t u r n e d  

o u t  t o  be ' r b l u r l * .  If n o t ,  t hen  t h e  p r o g r a m  t a k e s  t h i s  i n f i -  

n i t @  d e c i m a l  e x p a n s i o n  t o  be t h e  l i m i t  of C X i / y i I y = l .  If 

P r o c e d u r e  INFINITE f i n d s  a l l b l u r l l ,  a n d  i f  i t  is d e t e r m i n e d  

t h a t  t h e  I * b l u r r 1  r e p r e s e n t s  o s c i l l a t i o n  b e t w e e n  two c o n s e c u -  

t i v e  d i g i t s  ( s a y  4 a n d  5 ) ,  t h e n  Program PROBLEM? C o n S u l t S  

t h e  o u t p u t . o f  a n  a p p r o p r i a t e  r u n  of F u n c t i o n  FINITE- 
1 

____ 
l l - I  ___ 



i We g i v e  a f e w  e x , a m p l e s  t o  i l l u s t r a t e  how P r o c e d u r e  

INFINITE w o r k s :  

Example  1. 

t o  P r o c e d u r e  INFINITII. 

L e t  X I ,  141, x 2 ,  y2, x 3 ,  ... b e  g i v e n  as  i n p u t  

Assume t h a t  t h e  d e c i m a l  e x p a n s i o n s  

and so on :  

o n  i t s  o u t p u t  t a p e :  

The p r o c e d u r e  b e g i n s  b y  w r i t i n g  t h e  f o l l o w i n g  

5 b l a n k  b l a n k  b l a n k  ... 
s q u a r e  1 s q u a r e  2 s q u a r e  3 s q u a r e  4 ... 

T h i s  r e p r e s e n t s  t h e  f a c t  t h a t  5 is t h e  most s i g n i f i c a n t  

d i g i t  i n  t h e  decimal e x p a n s i o n  of x l / y l .  

INFINITE writes 

Then p r o c e d u r e  

1 5 b l a n k  b l a n k  ... 
s q u a r e  1 s q u a r e  2 s q u a r e  3 square 4 ... 
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T h i s  r e p r e s e n t s  t h e  two m o s t  s i g n i f i c a n t  d i g i t s  i n  t h e  

d e c i m a l  e x p a n s i o n  of x2 /y2 .  N e x t ,  t h e  p r o c e d u r e  writes 

1 1 5 b l a n k  ... 
s q u a r e  1 s q u a r e  2 s q u a r e  3 s q u a r e  4 ... 

And so on.  By r e f e r r i n g  t o  t h e  d e f i n i t i o n  of t h e  o u t p u t  o f  

an augmented  T u r i n g  miachine, we see t h e  o u t p u t  o f  P r o c e d u r e  

INFINITE a t  time o w i l l  b e  

1 1 1 1 '  ... 
s q u a r e  1 s q u a r e  2 s q u a r e  3 s q u a r e  4 ... 

From t ime u o n ,  t h e  p r o c e d u r e  w i l l  c h e c k  each symbol  on t h e  

o u t p u t  t a p e  t o  make sure  t h a t  n o n e  o f  t h e  s q u a r e s  c o n t a i n s  

t h e  t l b l u r l l  s y m b o l .  T h i s  c h e c k i n g  can t a k e  o t ime, so Pro- 

c e d u r e  INFINITE h a s  worst case r u n n i n g  t i m e  w2. Notice 

how t h e  c o n t e n t  of  t h e  o u t p u t  t a p e  c o r r e s p o n d s  t o  t h e  l i m i t  

o f  t h e  s e q u e n c e  { X i / y . I w  w h i c h  i s  O . l l l l . . .  . 1 i = 1 '  

Example  2. Let  

x l / y l  = 0.14888. . .  ( i n f i n i t e l y  many 8 ' s )  

x Z / y z  = 0.15000.,. .  ( i n f i n i t e l y  many 0's) 

~ 3 / y 3  0 .14988. . .  

~ 4 / y 4  = 0.15000... 



l o w i n g  on i t s  o u t p u t  t a p e :  

1 %  b l a n k  b l a n k  

s q u a r e  1. s q u a r e  2 s q u a r e  3 

Then it writes 
I 

1 5 b l a n k  

s q u a r e  1 s q u a r e  2 s q u a r e  3 

b l a n k  

s q u a r e  4 

b l a n k  

s q u a r e  4 

Then 

1 5 0 

s q u a r e  I s q u a r e  2 s q u a r e  3 I 

0 

s q u a r e  4 

Then 

1 4 9 b l a n k  b l a n k  ... 
s q u a r e  I square  2 s q u a r e  3 s q u a r e  4 s q u a r e  5 ... 
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I 
Then 

1 4 9 9 8 0 . .  

s q u a r e  1 s q u a r e  2 s q u a r e  3 s q u a r e  4 s q u a r e  5 ... 

And so  o n .  A g a i n  by  r e f e r r i ng  t o  t h e  d e f i n i t i o n  of t h e  

o u t p u t  of an augmented  T u r i n g  m a c h i n e ,  we see t h a t  t h e  ou t-  

p u t  of  P r o c e d u r e  INFINITE a t  time o w i l l  be 
, _  

1 " b l u r  111 'I b l u r  l1 b l u r  It l t b l u r l l  ... 
s q u a r e  1 s q u a r e  2 s q u a r e  3 s q u a r e  4 s q u a r e  5 ... 

1 A t  t ime  W ,  t h e  P r o c e d u r e  c h e c k s  s y m b o l s  on t h i s  o u t p u t  t a p e  

u n t i l  i t  f i n d s  t h e  l l b l u r l *  symbol  i n  s q u a r e  2. I t  r e o o r d s  

t h i s  numberi  2. I n  t h e  r i g o r o u s  d e f i n i t i o n  o f  P r o c e d u r e  

INFINITE, we w i l l  d e n o t e  t h i s  number b y  t h e  l e t t e r  t f@l.  

Notice t h a t  t h e  o u t p u t  t a p e  of  the p r o c e d u r e  c o n t a i n s  t h e  

s t r i n g  < I ,  l t b l u r l t ,  t l t ) l u r l * ,  ... > b u t  t h e  s e q u e n c e  I X i / y i I r = l  

c o n v e r g e s  t o  0.15. P r o c e d u r e  INFINITE u s e s  a t r i c k  w i t h  

e v e n  and odd d i g i t s  to d e t e r i n i n e  t h a t  t h e  con ten t  of t h e  Gth 
s q u a r e  h a s  b e e n  o s c i l ~ l a t i n g  b e t w e e n  4 a n d  5 .  I n  t h i s  way 

INFINITE o b t a i n s  t h e  d i g i t  l t 5 1 1 , i n  0.15, I n  t h e  p r o o f  o f  the 

cor rec tness  of P r o c e d u r e  INFINITE it w i l l  be shown t h a t  the 

t r i c k  a l w a y s  p r o d u c e s  t h e  d e c i m a l  e x p a n s i o n  t o  w h i c h  

{ X i / Y i } r = ,  i s  l'most :Likelyt1  t o  c o n v e r g e .  I.@., P r o c e d u r e  

i INFINITE r e t u r n s  t h e  f i n i t e  d e c i m a l  e x p a n s i o n  0.15, a l o n g  ' 

w i t h  t h e  c l a im  t h a t  i f  I x i / y i I y = ,  c o n v e r g e s ,  t h e n  it c o n v e r -  
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ges t o  0.15. SO txi /yi}:=r e i t h e r  c o n v e r g e s  t o  0.15, o r  it 
d o e s  n o t  c o n v e r g e .  The c o n v e r g e n c e  of I x i / y i ) l = l  P) Is t h e n  

tested by e x a m i n i n g  t h e  o u t p u t  of t h a t  p a r t i c u l a r  r u n  of 

F u n c t i o n  FINITE whose i n p u t  i s  [xi/yl}:=,  a l o n g  w i t h  t h e  

f i n i t e  d e c i m a l  e x p a n s i o n  0.15, 

t h i s  example ,  F u n c t i o n  FINITE r e t u r n s  t h e  v a l u e  " t r u e " ,  i n -  

F o r  t h e  s e q u e n c e  g i v e n  in 

I d i c a t i n g  t h a t  I x i / y i } i = l  &! c o n v e r g e s  t o  0.15. 

Example 3. L e t  

x l / y l  = 0.14444... ( i n f i n i t e l y  many 4 ' s )  

. 

and so on. As i n  Example 2 ,  t h e  o u t p u t  t a p e  of P r o c e d u r e  

INFINITE w i l l  con t a i i n  < l  , " b l u r n  , l t b l u r w , . .  .> a t  time W .  

F u r t h e r m o r e ,  P r o c e d u r e  INFINITE w i l l  note  t h a t  t h e  con- 

t e n t  of s q u a r e  2 o s c i l l a t e d  between 4 and 5. So, j u s t  a s  it 

d i d  i n  Example 2, P r o c e d u r e  INFINITE w i l l  r e t u r n  t h e  f i n i t e  

d e q i m a l  e x p a n s i o n  0.15, w i t h  t h e  i m p l i c i t  claim t h a t  i f  

{ X i / y i I X = l  c o n v e r g e s ,  t h e n  it c o n v e r g e s  t o  0.15. B u t  u n l i k e  
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t h e  s e q u e n c e  of  Example 2 ,  t h e  s equence  of t h i s  example  d o e s  

- .  n o t  c o n v e r g e .  T h i s  d e m o n s t r a t e s  t h e  need  f o r  t h e  p a r t  of 

0.15 by examining  t h e  o u t p u t  of t h e  a p p r o p r i a t e  r u n  of  

F i n c t i o n  FINITE. 

t h e  a l g o r i t h m  which checks t h e  c o n v e r g e n c e  of { X i / Y i ) i = l  tQ 

2.3 S o l u t i o n  o f  t h e  probletn - t e c h n i c a l  d e t a i l s  

We may now p r o c e d e  w i t h  some of t h e  t e c h n i c a l  d e t a i l s .  

Given  r e a l  number,, r ,  and  p o s i t i v e  i n t e g e r ,  i ,  l e t  

i t h - d i g i t ( r )  be t h e  ith d i g i t  i n  t h e  d e c i m a l  e x p a n s i o n  o f  r .  i 

Thus 

r = I s t - d i g i t ( r ) * l Q - l  + Z n d = d i g i t ( r ) * 1 0 ' *  + ... . 

Me u s e  t h e  n o t a t i o n  t r u n c a t i o n i ( r )  t o  d e n o t e  

Let i x i l " , , t ,  CYily=1 be  s e q u e n c e s  of i n t e g e r s .  S i n c e  we 

want  t o  compute t h e  r a t i o n a l  X i / y i  i n  [0,11, W e  i n s i s t  t h a t  

O s x i < y i ,  f o r  a l l  i. We would l i k e  a machine  whose i n p u t  
i 

t a p e  h a s  the  i n f i n i t e  s e q u e n c e  



a n d  whose o u t p u t  t a p e  h a s  e i t h e r  ( 1 )  t h e  s y m b o l  

t l d o e s - n o t - c o n v e r g e f l ,  o r  ( 2 )  t h e  symbol  l t c o n v e r g e s t t  

and  t h e  d e c i m a l  e x p a n s i o n  of t h e  number r ,  whe-re 

Note t h a t ,  f o r  e v e r y  p o s i t i v e  i n t e g e r  i ,  

t r u n o a t i o n i ( x i / y i )  r e p r e s e n t s  t h e  i most s i g n i f i c a n t  

d i g i t s  o f  t h e  ith member of t h e  s e q u e n c e  ( X i / Y i I i = l o  .w 

I 
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F u n c t i o n  FINITE i s  t h e  a l g o r i t h m  w h i c h  d e t e r m i n e s  i f  t h e  
w s e q u e n c e  { x i / y i l i z 1  o f  r a t i o n a l s  c o n v e r g e s  t o  q ,  a number 

w i t h  a f i n i t e  d e c i m a l  e x p a n s i o n .  I n  t h e  a l g o r i t h m ,  a v a r i -  

ab1.e c a l l e d  d i f f  i s  a s s i g n e d  a new v a l u e  e a c h  t ime t h r o u g h  

a ttForrt l o o p .  After w i t e r a t i o n s  o f  t h e  LOOP, we w a n t  t o  be 

a b l e  t o  i d e n t i f y  an outoome ( p o s s i b l y  f o r  e a c h  i n d i -  

v i d u a l  d i g i t  i n  t h e  d e c i m a l  e x p a n s i o n  of d i f f .  Thus, f o r  

e a c h  p o s i t i v e  i n t e g e r  k, we m u s t  write k t h - d i g i t ( d i f f )  i n  

t h e  same p l a c e  (an t h e  same s q u a r e  of t h e  o u t p u t  t a p e )  e a c h  

time t h r o u g h  t h e  l oop .  We c a n  now p r e s e n t  F u n c t i o n  FINITE. 

w w v a r  ~ X i ~ p ~ s  ( y i l i = l :  s e q u e n c e s  of  i n t e g e r s  

1 F u n c t i o n  FINITE ( q  : f i n i t e  d e c i m a l  e x p a n s i o n )  : b o o l e a n ;  

var d i f f :  i n f i n i t e  d e c i m a l  e x p a n s i o n  ( =  r e a l  number}  
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I i , k  : i n t e g e r  

For i:= 1 toward w 

l e t  d i f f : =  I t r u n c a t i o n i ( x i / Y i )  - q l  

L e t  FINITE:= t r u e  { a  t e n t a t i v e  c o n c l u s i o n  - 
w 

t h a t  { X i / Y i I i = l  c o n v e r g e s  

For  k : =  1 t o w a r d  w 

i f  k t h - d i g i t ( d i f f )  z 0 t h e n  l e t  F I N I T E : =  

e x i t  from FII 

e x i t  from FINITE 

t o  9) 

f a l s e  

I T E  

The e x e c u t i o n  of F u n c t i o n  FINITE h a s  two d i s t i n c t  l o o p s .  

Each i t e r a t i o n  of t h e  f i r s t  loop c o m p u t e s  a n e w ' v a l u e  f o r  

d i f f ,  w r i t i n g  it over  t h e  p r e v i o u s  v a l u e  for d i f f .  T h i s  

v a l u e  d i f f  r e p r e s e n t s  t h e  d i f f e r e n c e  b e t w e e n  x i / y i  a n d  q 

( t c r u n c a t e d  t o  i d i g i t s ) .  If we n a r r o w  o u r  a t t e n t i o n  t o  t h e  

s q u a r e  o n  t h e  o u t p u t  tape  where t h e  most  s i g n i f i c a n t  d i g i t  

of  d i f f  i s  b e i n g  w r i t , t e n ,  we see a new v a l u e  o n  t h a t  square 

f o r  each i t e r a t i o n  of t h e  loop.  I f  we knew f o r  a f a c t  t h a t  

{ x i / Y i  1 ;'I c o n v e r g e d  t o  q ,  we WQI l d  expect  t h e  s y m b o l  i n  

t h a t  square t o  e v e n t u a l l y  s e t t l e  i n t o  be ing  zero,  a n d  n e v e r  

c h a n g e  a g a i n .  S t a t ed  more p r e c i s e l y ,  we would e x p e c t  t h a t  

1 

l i m  l S t - d i g i . t ( d i f f )  = 0 
i +O 



I 
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T h i s  e x p e c t a t i o n  i s  g , i v e n  m o r e  g e n e r a l l y  i n  t h e  s t a t e m e n t  o f  

Lemma 2.1. The lemma1 s t a t e s  t h a t  i f  { X i / y i I i = l  c o n v e r g e s  t o  

q ,  t h e n  e a c h  d i g i t  of I t r U n C a t i Q n i ( x i / Y i )  - S l  W i l l  s e t t l e  

i n t o  b e i n g  ze ro .  

Lemma 2.1,. L e t  q be a number w i t h  a f i n i t e  decimal expan-  

s i o n .  L e t  l i m  X i / y i  = q .  Then for e a c h  p o s i t i v e  i n t e g e r  k ,  
i- 

Proof.  Assume t h e  c o n t r a r y  - t h a t  t h e r e  i s  a n  i n t e g e r ,  k, 

such t h a t  l i m  k t h - d i g i t (  I t r u n c a t i o n i ( x i / Y i )  - q l )  Z 0. For  
1 

i* 

a n y  p o s i t i v e  i n t e g e r  i ,  t r u n c a t i o n i ( x i / y i )  - q i s  t h e  

d i f f e r e n c e  of two f i n i t e  d e c i m a l  e x p a n s i o n s ,  so 

k t h - d i g i t (  ( t r n n c a t i o r l i ( x i / Y i )  - q l )  is a d e c i m a l  d i g i t .  

Thus the  c l a i m  t h a t  k t h - d i g i t (  I t r u n c a t i o n i ( x i / Y i )  - q I 

n o t  c o n v e r g e  t o  0 ,  for some p a r t i c u l a r  p o s i t i v e  i n t e g e r  k, 

c a n  be w r i t t e n  r i g o r o u s l y  a s  

d o e s  



I ! 
I 

; i  E v e n t u a l l y  i is  g r e a t e r  t h a n  t h e  l a r g e s t  power of  10 i n  t h e  

d e c i m a l  e x p a n s i o n  f o r  q ,  a t  which  p o i n t  one o b t a i n s  t h e  same 

r e s u l t  by e i t h e r  t r u n c a t i n g  x i / y i  and s u b t r a c t i n g  q ,  o r  by  

s u b t r a c t i n g  q from X i / y i  a n d  t h e n  t r u n c a t i n g .  S t a t e d  fo r-  

m a l l y ,  f o r  s u f f i a i e n t l y  l a r g e  i we h a v e  

I 

-k Thus t r u n c a t i o n i ( l X i / Y i  - 91) 210 . S i n c e  I x i / y i  - q /  i s  

n o n- n e g a t i v e ,  
1 

S u m m a r i z i n g ,  we h a v e  f o u n d  an i n t e g e r ,  k, s a t i s f y i n g  

T h i s  c o n t r a d i c t s  t h e  a s s u m p t i o n  t h a t  l i m  X i / y i  1: 9. 0 
i + w  

P r o p o s i t i o n  2 .1 .  F u n c t i o n  FINITE is co r rec t ;  i . e . ,  f o r  a n  

a n d  f i n i t e  d e c i m a l  e x p a n s i o n  9, i n f i n i t e  sequence { x i / y i I i = ,  

t h e  value of FINITE(q) i s  '!truet1 i f  a n d  o n l y  if € X i / Y j . I i = i  

w 

w 
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c o n v e r g e s  t o  q ,  

w P r o o f .  

t h e  l i m i t  ( a s  i g o e s  t o  w )  of k t h - d i g i t (  I t r u n c a t i o n i ( x i / Y i )  

- ql) i s  0, f o r  e v e r y  p o s i t i v e  i n t e g e r  k. T h u s ,  f o r  a n y  

p o s i t i v e  i n t e g e r  k, a f t e r  some f i n i t e  number of  i t e r a t i o n s  

of  t h e  " F o r  i" l o o p  o f  F u n c t i o n  FINITE, t h e  v a l u e  of 

k t h - d i g i t (  I t r u n c a t i o n i ( x i / Y i )  - q 1 )  s e t t l e s  i n t o  b e i n g  0. 

T h u s ,  a t  time W ,  k t h - d i g i t ( d i f f )  i s  e q u a l  t o  0 .  

t h e  s e c o n d  l o o p  of F u n c t i o n  FINITE s i m p l y  c h e o k s  each d i g i t  

If { x i / ~ i I ~ = ~  c o n v e r g e s  t o  q, t h e n , ?  b y  Lemma 2 . 1 ,  

Notice t h a t  

o f  d i f f ,  If i t  f i n d s  a l l  d i g i t s  t o  b e  0 ,  i t  r e p o r t s  l t t r u e l f .  

T h u s ,  i f  c x i / y i l r = l  c o n v e r g e s  t o  q, t h e  v a l u e  of F u n c t i o n  

FINITECq) i s  t l t r u e t l .  

C o n v e r s e l y ,  i f  F u n c t i o n  FINITE r e p o r t s  t l t r u e l t  i t  i s  

e a s i l y  seen t h a t  ( each  d i g i t  o f )  d i f f  a p p r o a c h e s  zero a s  i 

a p p r o a c h e s  W .  Therefore,  { X i / y *  1' c o n v e r g e s  t o  q. 0 
1 i = 1  

T h e  worst case  r u n n i n g  time for F u n c t i o n  FINITE i s  

c l e a r l y  w2. The ac t ion  of  t h e  f u n c t i o n  t a k e s  p l a c e  i n  two 

P a r t s .  The f i r s t  p a r t  c r e a t e s , a n  i n f i n i t e  s e q u e n c e  o f  d i -  

g i t s ;  t h e  s e c o n d  p a r t  checks t o  see i f  each o f  t h e  d i g i t s  i n  

t h a t  s e q u e n c e  i s  zero.  We w i l l  see  i n  S e c t i o n  3 t h a t  i t  i s  

i m p o s s i b l e  t o  s h o r t e n  the  o v e r a l l  w o r s t  case r u n n i n g  t ime of 

t h e  a l g o r i t h m s  g i v e n  i n  t h i s  s e c t i o n .  

i n  o rde r  t o  s o l v e  Problem l r  a m a c h i n e  m u s t  so lve  a s i m p l e r  

We w i l l  p r o v e  t h a t ,  

. .  ... .. 

" . -  . 
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p rob lem,  a n d  t h i s  s i m p l e r  p r o b l e m  c a n n o t  a l w a y s  be s o l v e d  i n  
1 

time. T h u s  t h e  two p a r t s  of  F u n c t i o n  FINITE c a n n o t  b e  

c o m b i n e d  i n t o  o n e  l o o p .  

U-t ime s t e p ,  c o m p u t e s  t h e  i n f i n i t e  s e q u e n c e  o f  d i g i t s  w h i c h  

w e  c a l l  d i f f  and  r e p o r t s  how many of  t h e s e  d i g i t s  a r e  zero .  

T h e r e  is no  a l g o r i t h m  w h i c h ,  i n  o n e  

I_ 

The i n t u i t i v e  idea  b e h i n d  t h e  n e x t  a l g o r i t h m ,  P r o c e d u r e  

INFINITE, h a s  a l r e a d y  been d i s c u s s e d .  We now g i v e  t h e  

a l g o r i t h m  i n  c o m p l e t e  d e t a i l .  

w w var { y i l i = , :  s e q u e n c e s  of i n t e g e r s  
w {rklk=l: s e q u e n c e  o f  d i g i t s  

i ; :  i n t e g e r  

comment: a n  e l e m e n t  of  t h e  set  

{ It co nv er g es *I , do e s- no t - conv  erg en , d o n  t - k n o w It 1 

P r o c e d u r e  INFINITE 

v a r  i ,k: i n t e g e r  

{ e k } i Z l  : s e q u e n c e  of  d i g i t s  

{Ok)T,., : s e q u e n c e  o f  s y m b o l s ,  each of w h i c h  

i s  e i t h e r  a d i g i t  o r  t h e  symbol I t n o t - d e f i n e d t 1  

i F o r  i:= 1 t o w a r d  w 

For k:= 1 t o  i 

1 L e t  r k : =  k t h - d i g i t ( x i / Y i )  

Let,  ek:= t h e  l a r g e s t  e v e n  d i g i t s r k  

' 1  ' 

. .  . 

' I  , 
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i , If r k  f O t h e n  l e t  Ok:= t h e  l a r g e s t  Odd d i g i t s r k  

e l s e  l e t  Ok:= " n o t - d e f i n e d n  

L e t  comment: = " c o n v e r g e s "  { a  t e n t a t i v e  c o n c k u s i o n )  

F o r  k:= I t o w a r d  w 
.. 

i f r i;= bl u r  M 

t h e n  cases 

e i ; fnb lu r " :  Let  r$:= ei;+l 

Let comment: = l ldon'  t-knowil 

oI;t1fblur13:  L e t  r;:= oi;+l { t o  see why ri; is 

a d i g i t ,  see  ease 4 .2  of Pro- 

p o s i t i o n  2.2 below} 

L e t  comment: = f t d o n t  t-knowlf 

e l s e  : Let comment:= I t d o e s - n o t - c o n v e r g e * *  

e x i t  from INFINITE 

e x i t  from INFINITE 

Upon e a c h  i t e r a t i o n  of' t h e  !!For i l l  l oop ,  P r o c e d u r e  

INFINITE r e c o r d s  t h e  v a l u e  of  t r u n u a t i o n i ( x i / y i ) ,  t h e  i most 

s i g n i f i c a n t  d i g i t s  of x i /y i .  

t X i f y i )  c o n v e r g e s  t o  a r e a l  number ,  and, a t  t h e  e n d  of 

t h e  i n i t i a l  lOOp, r k  i s  a d i g i t  f o r  e a a h  v a l u e  o f  k. For 

i n s t a n c e ,  i f  txi/yi}:'1 c o n v e r g e s  t o  0 .1 ,  t h e n  r k  m i g h t  be  1 

f o r  k = 1, and  0 o t h e r w i s e .  However, t h e  d e c i m a l  e x p a n s i o n s  

I n  t h e  s i m p l e s t  case ,  

i=l 

' x i / y i  c a n  a l s o  c o n v e r g e  t o  0.1 by o s c i l l a t i n g  a r o u n d  it a s  

i n  t h e  f o l l o w i n g  e x a m p l e :  

, xl/yl = O.11111... (infinitely many 1 ' s )  
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I 
x2/y2 = 0.08888... ( i n f i n i t e l y  many 8's) 

x g y 3  = 0 . 1 0 1 1 1 . * .  

x 4 / y 4  = o.o988a... 

xcJ/yrj = 0 ~ 1 0 0 1 1 . . .  

x 7 / y 7  = 0.10001. . .  

x 6 / y 6  = 0*09988*.. 

. 

I n  t h i s - c a s e ,  I X i / Y i I Y , ,  c o n v e r g e s  t o  0 . 1 ,  b u t  a t  t h e  end  of  

t h e  f i r s t  o s t e p s  o f  P r o c e d u r e  INFINITE, r k  i s  l l b l u r l l  f o r  

a11  k .  To a c c o u n t  for t h i s  phenomenon we h a v e  P r o c e d u r e  

IRIFINITE k e e p  t r a c k  n o t  o n l y  of r k ,  b u t  a l s o  of e k  a n d  

Ok. I n  t h e  e x a m p l e  a b o v e ,  r l  jumps b e t w e e n  0 a n d  1 i n  suc- 

cess ive  i t e r a t i o n s  of t h e  tlFor l o o p .  B u t  e l ,  t h e  

l a r g e s t  even  d i g i t s r l ,  is a l w a y s  0.  T h u s ,  a t  time o ,  

P r o c e d u r e  INFINITE observes t h a t  r l  i s  " b l u r t t ,  s o  it  

e x a m i n e s  e l  a n d  f i n d s  t h e  d i g i t  0. 

1 

I t  t h e n  sets  r l : =  1 

and r e p o r t s  t h e  comment l l d o n v  t-know". The m a i n  a l g o r i t h m ,  

( P r o g r a m  PROBLEM1 g i v e n  b e l o w )  w i l l  i n t e r p r e t  t h i s  informa- 

t i o n  a 5  a r e q u e s t  t o  examine t h e  o u t p u t ;  o f  F u n c t i o n  

FINITE w i t h  i n p u t  q = 0 . 1 .  

M o d i f y i n g  t h e  e x a m p l e  s l i g h t l y ,  we g e t  I 
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x l / y l  = 0,21111. . .  ( i n f i n i t e l y  many I t s )  

x z / y ~  = 0.18888.. .  ( i n f i n i t e l y  many 8 ' s )  

x 3 / y 3  = 0.20111.* .  

x5 /y5  = 0.20011..* 

xy/y4 = 0.19888.*.  

x6 /y6  = 0*19988. . .  

~ 7 / y 7  = 0.20001...  

I n  t h i s  new example ,  I X i / Y i I ; = l  c o n v e r g e s  t o  0.2, 

a g a i n  r l  i s  t l b l u r t f  a f t e r  w i t e r a t i o n s  o f  t h e  "For 

B u t  since el  o s c i l l a t e s  be tween  0 and 2 d u r i n g  t h e  course 

o f  t h e  l o o p i n g ,  e l  i s  a l s o  t l b l u r f *  a t  t h e  end of t h e  loop .  

However o1 i s  1 a t  t h e  end o f  t h e  l oop  and P r o c e d u r e  

INFINITE s e t s  r l : = 2  and proceeds as b e f o r e .  

Once 

loop.  
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If r k  I s  z e r o ,  t h e n  t h e r e  is no l a r g e s t  odd d i g i t s r k ,  

t h u s  t h e  use  of  t h e  new symbol t t n o t - d e f i n e d t t .  The r o l e  o f  

t h i s  v a l u e  i n  t h e  t e s t  f o r  c o n v e r g e n c e  w i l l  be examined i n  

d e t a i l  l a t e r .  

We m u s t  remember t h a t ,  a l t h o u g h  e a c h  of t h e s e  examples  

h a s  an i n p u t  s e q u e n c e  t h a t  follows a n i c e  f * r e c u r s i v e f t  p a t-  ) 
no s u c h  p a t t e r n  is assumed i n  g e n e r a l .  Our i n p u t  se- 

i I -_ 

, .  ., , ,..,,, 
*r .,,.. Zk .. . . 
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q u e n c e s  may be  q u i t e  d i s o r d e r l y .  I t  i s  i m p o r t a n t  t o  n o t e  

t h i s  so t h a t  we do n o t  make t h e  m i s t a k e  of  t h i n k i n g  t h a t  o u r  

1 

a lgo r i t hms  c a n  t a k e  s h o r t c u t s  by o b s e r v i n g  p a t t e r n s  i n  t h e  

s e q u e n c e s .  

If we dec ide  t o  g e n e r a l i z e  o u r  problem so t h a t  a l l  r e a l  
\ 

n u m b e r s  may b e  r e p r e s e n t e d  ( n o t  o n l y  r e a l  numbers  i n  t h e  

i n t e r v a l  .CO,ll) t h e n  a t  time w ,  P r o c e d u r e  INFINITE w i l l  h a v e  

t o  know t h e  p o s i t i o n  of t h e  most s i g n i f i c a n t  d i g i t  of r t h a t  

n e e d s  t o  be e x a m i n e d .  . E a c h  t ime t h r o u g h  the " F o r  1" l o o p ,  

t h e  p o s i t i o n  o f  t h e  most s i g n i f i c a n t  d i g i t  of r s h o u l d  be 

e n c o d e d  .on a p l a c e  r e s e r v e d  f o r  t h a t  p u r p o s e  on t h e  o u t p u t  

t a p e .  I f ,  a t  time U )  t h e  va lue  e n c o d e d  i n  t h a t  p l a c e  h a s  

n o t  s e t t l e d  ( i . e . ,  h a s  f t b l u r t l  s y m b o l s )  t h e n  $he s e q u e n c e  

I X i / y i I r = l  d o e s  not  c o n v e r g e ,  

\ 

Notice t h a t  t h e  s e c o n d  i n f i n i t e  l oop  " F o r  s 1 l  c o u l d  h a v e  

b e e n  a v o i d e d  if we had b e e n  a b l e  t o  p r o d u c e ,  b y  t i m e  W ,  a 

v a r i a b l e  whose v a l u e  i s  t h e  smal les t  k such t h a t  r k  = 

l l b l u r l t ,  T h i s  t a s k  i s  e q u i v a l e n t  t o  t h e  o n e  we e n c o u n t e r e d  

i n  t r y i n g  t o  s p e e d  up  F u n c t i o n  FINITE. A s  we n o t e d  e a r l i e r ,  

and w i l l  p r o v e  i n  S e c C i o n  3 ,  t h e  s p e e d  u p  is  i m p o s s i b l e  t o  

a c h i e v e .  

The main p r o g r a m  ( P r o g r a m  PROBLEMl) c o m b i n e s  F u n c t i o n  

FINITE a n d  P r o c e d u r e  INFINITE by d o v e t a i l i n g .  1 

. .-. _____- 
L I -  

I 1 T '  I I - 
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We now f o r m a l i z e  t h e  m a i n  p r o g r a m ,  Program PROBLEM1. In, 
) 

j bl lc  p t u ~ r d l n ,  w e  assume t h a t  t h e  s e t  o f  f i n i t e  d e c i m a l  e x p a n -  

s i o n s  i s  l i n e a r l y  o r d e r e d  by a r e c u r s i v e  i n d e x i n g  ( e . g . ,  
~ 

l e x i c o g r a p h i c a l  o r d e r i n g )  . 

v a r  { x i I W  f = l  I C y i l i = l :  0 s e q u e n c e s  of i n t e g g r s  

i ;:  i n t e g e r  

{ri;}: : s e q u e n c e  of d i g i t s  
k= 1 

comment: a n  element of t h e  s e t  

E c o nv er g e s , 'I d o  e s - no t - c o n  v erg e , d o n  t - k no wI1 1 

Program PROBLEM1 

v a r  q1 , q 2 ,  . . : f i n i t e  d e c i m a l  e x p a n s i o n s  

~ 1 ~ ~ 2 ~  ...: b o o l e a n  

j: i n t e g e r  

Dovetai l  

[ C a l l  P r o c e d u r e  INFINITE1 

[Compute q l ,  t h e  f i r s t  f i n i t e  d e c i m a l  e x p a n s i o n  

Let  c l : =  F I N I T E ( q l ) l  

[Compute 4 2 ,  t h e  s e c o n d  f i n i t e  d e c i m a l  e x p a n s i o n  

Let  c2:= F I N I T E ( q 2 ) I  

. 
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I 

E n d- d o v e t a i l  

If comment= l ldont  t-know" 

t h e n  f i n d  t h e  i n t e g e r  j s u c h  t h a t  q j  = t r u n c a t i o n i ( r )  

{Note :  q j  i s  t h e  j t h  f i n i t e  dec ima l  e x p a n s i o n ;  

t h e  i n t e g e r  E, a n d  t h e  l s t  t h r o u g h  ith 
d i g i t s  o f  r were computed by  P r o c e d u r e  

I N F I N I T E  I 

if c j= t l t rue l t  t h e n  l e t  comment:= I t c o n v e r g e s t t  

e l se  l e t  comment: = l t d o e a - n o t - c o n v e r g e t t  

e x i t  f rom PROBLEM1 
I 

After  t h e  e x e c u t i o n  of  Program PROBLEM1 t h e  o u t p u t  tape  

has  e i t h e r  t h e  symbol  t t d o e s - n o t - o o n v e r g e l l  o r  has t h e  symbol  

" c o n v e r g e s t t  and  a r e a l  number ,  r ,  t o  which  I x i / y i I y = l  con-  

v e r g e s .  ( T h e  d i g i t s  of  r a r e  a c t u a l l y  w r i t t e n  o n  t h e  o u t p u t  

t a p e  b y  P r o c e d u r e  INFINITE,)  

a n  i n f i n i t e  s e q u e n c e  of s y m b o l s ,  e a c h  o f  w h i c h  i s  e i t h e r  a 

d i g i t  or " b l u r f 1 .  The p r o g r a m  a l s o  c r e a t e s  a v a l u e  E, which  

is e i t h e r  an i n t e g e r  o r  an i n f i n i t e  s e q u e n c e  of l l b l u r l l  sym- 

b o l s .  (The v a r i a b l e  i s  an i n f i n i t e  s e q u e n c e  o f  l t b l u r t l  

s y m b o l s  if t h e r e  were w-many s t e p s  e x e c u t e d  i n  t h e  !'For 

loop i n  t h e  s e c o n d  h a l f  of P r o c e d u r e  'INFINITE.) 

More p r e c i s e l y ,  Eri}rZ, i s  

...- 
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I 
I P ropos i t ion  2.2. Program PROBLEM1 is c o r r e c t ,  i n  t h a t  

(1)  A t  t h e  end o f  Program PROBLEM1, t h e  value of t h e  

comment v a r i a b l e  is e i t h e r  ltconvergesn or  ltdoes- 

not-converge" , 
, 

1 

. I  

' I  

I 
i ( 2 )  I f ,  a t  t h e  end of Program PROBLEMI, t h e  va lue  of  t h e  

comment v a r i a b l e  i s  Itconvergest1 and t h e  v a r i a b l e  

c o n t a i n s  a l l  l l b l u r l t  symbols, then i x j / ~ i ) ~ = ~  w converges 

t o  t h e  i n f i n i t e  decimal expansion r ,  

( 3 )  I f ,  a t  t h e  end  of Program PROBLEMl, t h e  value of  t h e  

comment v a r i a b l e  i s  tfconverges" and t h e  v a r i a b l e  

con ta ins  an i n t e g e r ,  then c x ~ k y ~ ) ~  converges t o  t h e  i = 1  
f i n i t e  decimal e x p a n s i o n  O.r1r2.-.rC [which equals  

t r u n c a t i o n c ( r ) !  and 

1 (4) I f ,  a t  the end  of Program PROBLEM1, t h e  va lue  of t h e  

comment v a r i a b l e  i s  ltdoeS-not-eonvergeN, then 

i x i / Y i } y =  1 does not  converge. 

Proof. The proof of  co r rec tness  i s  s t r a igh t fo rward .  An O u t -  

I 
line of p a r t s  ( 2 )  through (4) i s  a s  follows: 

(2) E x a m i n i n g  t h e  *'For ka l o o p  i n  t he  second h a l f  Of Proce- 

dure I N F I N I T E ,  we see  t h a t  the  condi t ion  s t a t e d  i n  (2) above 

can only happen i f ,  f o r  every p o s i t i v e  i n t e g e r ,  k, r k  is not 

- 
I / i l  
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e q u a l  t o  l l b l u r l l .  ( O t h e r w i s e ,  t h e  !'For l o o p  would  b e  I 

e x i t e d  p r e m a t u r e l y ,  l e a v i n g  t o  be an i n t e g e r . )  T h e  " F o r  

if$ loop  o f  P r o c e d u r e  INFINITE d e f i n e d  e a c h  r k  t o  be a d i g i t .  

c o n v e r g e s  t o  t h e  r e a l  number r ,  

whose d e c i m a l  e x p a n s i o n  i s h t h e  i n f i n i t e  sequence O . r ~ r 2 r 3 . . .  

o f  d i g i t s ,  To sea t h i s ,  l e t  e be f o r  some p o s i t i v e  

i n t e g e r  k. S i n c e  r l , . . . , r k  a r e  n o t  l l b l u r l l  a t  time w ,  we 

know t h a t  t h e r e  i s  a p o s i t i v e  i n t e g e r  i o  s u c h  t h a t ,  f o r  a11 

i z i o ,  j t h - d i g i t ( x i / y i )  = r j  for a l l  j = l , . . . , k  . T h u s ,  f o r  

i r i o ,  1 X i / Y i  - r J < E .  

t o  r .  

We m u s t  show t h a t  ( X i / y i I i = l  w 

\. 

SO { X i / Y i l y = l  d o e s  i n d e e d  c o n v e r g e  

( 3 )  If t h e  c o n d i t i o n  g i v e n  i n  ( 3 )  h o l d s ,  t h e n  P r o c e d u r e  

INFINITE r e t u r n e d  t h e  i n c o n c l u s i v e  comment " d o n '  t-knowl' a n d  
1 

P r o g r a m  PROBLEM1 c h a n g e d  t h e  comment t o  n c o n v e r g e s n  a f t e r  

c o n s u l t i n g  t h e  r u n  of F u n c t i o n  FINITE whose  i n p u t  was 

and t r u n c a t i o n i ( r ) .  By P r o p o s i t i o n  2 . 1 ,  w 
i=l 9 { Y i ) i = l  

t h e  r e s u l t  of F u n c t i o n  FINITE i s  cor rec t ,  

( 4 )  If t h e  c o n d i t i o n  g i v e n  i n  ( 4 )  h o l d s ,  t h e n  e i t h e r  Proce- 

d u r e  INFINITE r e t u r n e d  t h e  comment " d o e s - n o t - c o n v e r g e "  , o r  

P r o c e d u r e  INFINITE r e t u r n e d  t h e  comment l l d o n l  t-know11 a n d  

P r o g r a m  PROBLEM1 c h a n g e d  t h e  comment t o  l l d o e s - n o t - c o n v e r g e l f  

a f t e r  c o n s u l t i n g  t h e  r u n  of F u n c t i o n  FINITE whose  i n p u t  was 

a n d  t r u n c a t i o n i ( r ) .  I n  e i t h e r  case ,  t h e  

"For  Ggl  l o o p  i n  t h e  s e c o n d  h a l f  of  P r o c e d u r e  INFINITE was 

e x i t e d  p r e m a t u r e l y ,  a f t e r  h a v i n g  f o u n d  

w 
w ; , 1 ,  { y i ' i = l  

t o  be t h e  smal les t  



62 

p o s i t i v e  i n t e g e r  s u c h  t h a t  ri; = t t b l u r t t .  We d i v i d e  in , to  I 

c a ses ,  a c c o r d i n g  t o  t h e  a c t i o n  of  t h i s  i t e r a t i o n  of t h e  

l o o p .  

Case 4 .1 ,  The v a l u e  o f  e i  i s  n o t  t l b l u r l l .  

F o r  c o n c r e t e n e s s  assume t h a t  ef; is  4. Then t h e r e  i s  a n  

i n t e g e r ,  i o ,  s u c h  t h a t  

1 
f o r  a l l  i r io.  

Also,  f o r , e a o h  i r i o ,  there  a r e  i n t e g e r s  i 4 , i 5 z i  s u c h  t h a t  

E t h - d i g i t ( x i y / Y i 4 )  = 4 and E t h - d i g i t ( X i 5 / Y i 5 )  = 5 ,  

The v a l u e  a s s i g h e d  t o  t r u n e a t i o n ; ( r )  by  t h e  " F o r  Elt l o o p  i n  

t h e  s e c o n d  h a l f  o f  P r o c e d u r e  INFINITE was 0 . r l r2 . , . r~-15.  

The e x i s t e n c e  o f  t h e  r1i411 i n t e g e r s  i n d i c a t e s  t h a t  i f  

{ x i / Y i  

t r u n c a t i o n i ; ( r ) .  O n  t h e  o t h e r  h a n d ,  t h e  e x i s t e n c e  of  t h e  

" i5"  i n t e g e r s  i n d i c a t e s  t h a t  t h i s  c o n v e r g e n c e  m u s t  be  to a 

number z t r u n c a t i o n E ( r ) .  T h u s ,  t h e  o n l y  number t o  which 

I X i / Y i l y , l  c o u l d  p o s s i b l y  c o n v e r g e  i s  t r u n c a t i o n E ( r )  

upon e x i t  from P r o c e d u r e  INFINITE, t h e  P r o g r a m  PROBLEM1 

c o n s u l t e d  . t h e  r u n  of  F u n c t i o n  FINITE whose i n p u t  was 

1 c o n v e r g e s ,  i t  a o n v e r g e s  t o  a number S 

B u t  

1 



t r u n c a t i o n i ( r ) .  The f u n c t i o n  r e p o r t e d  l l f a l s e l l  on t h e  con- 

v e r g e n c e  q u e s t i o n ,  a n d ,  b y  P r o p o s i t i o n  2 . 2 ,  t h e  f u n c t i o n  w a s .  

c o r r e c t .  

I 

Case 4.2, 

n o t  l lb lur" .  

b e i n g  t h e  " n o t - d e f i n e d t l  symbol ,  t h e n  ri; would h a v e  s e t t l e d  

The v a l u e  o f  ei; i s  t l b l u r l t  b u t  t h e  v a l u e  o f  oi; i s  

Then oi; i s  a d i g i t ,  f o r  i f  oi; s e t t l e d  i n t o  

i n t o  b e i n g  zero ,  c o n t r a d i c t i n g  t h e  f a c t  t h a t  r; i s  f l b l u r ' t .  

Case  4 .2  i s . t h e n  s i m i l a r  t o  Case 4.1. 

Case 4 . 3 .  ' The v a l u e  o f  ek i s  l t b l u r l l  and v a l u e  o f  oc is 

" b l u r t 1 .  Then ,  i n  t h e  "For  it' l oop  o f  P r o c e d u r e  INFINITE, 

a s  i w e n t  t o  i n f i n i t y ,  t h e  Eth d i g i t  of X i / Y i  o s c i l l a t e d  

1 among d i g i t s  t h a t  were Inore t h a n  one  u n i t  apa r t .  I t  i s  t h e n  

a s t r a i g h t f o r w a r d  matter t o  show t h a t  { X , / y i I r = l  d o e s  n o t  

c o n v e r g e .  c3 

Each of t h e  w compound s t a t e m e n t s  e n c l o s e d  w i t h i n  

l t d o v e t a i l . .  . e n d - d o v e t a i l t l  t a k e s  a t  mos t  w 2  t ime.  Thus t h e  

" d o v e t a i l . .  . end-doveta i l ' '  p o r t i o n  of t h e  program takes a t  

most  w2 t ime, The r e m a i n d e r  o f  t h e  program t a k e s  f i n i t e  

time. So t h e  w o r s t  case  r u n n i n g  time f o r  Program PROBLEM? 

is ~ 2 .  A t  t h e  e n d  of S e c t i o n  3 ,  we w i l l  show t h a t  no ma- 

c h i n e  t h a t  s o l v e s  Problem 1 h a s  w o r s t  c a s e  r u n n i n g  time W .  I 
I' 

The o u t p u t  . o f  Program PROBLEM? w i l l  somet imes  be i n f i -  

1 

_. 

I 11 
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n i t e ,  T h i s  i s  n e c e s s a r y  by  v i r t u e  o f  t h e  n a t u r e  o f  Problem 

1, s i n c e  the a n s w e r  t o  t h e  problem c a n  be a n  i n f i n i t e  dec i-  

mal e x p a n s i o n .  

i 

, 



3 .  The L i m i t  o f  a S e q u e n c e  of P o s i t i v e  I n t e g e r s  
I 

' I  

3.1 D e f i n i t i o n  of t h e  p r o b l e m  

p r o b l e m  e x p l i c i t l y  : 

D e f i n i t i o n .  Let  s = { S i } w  

t i v e  i n t e g e r s ,  

l i m i t  o f  s i s  n ,  i f  

be a n  i n f i n i t e  s e q u e n c e  o f  p o s i -  i= 1 
If n is  a p o s i t i v e  i n t e g e r ,  we s a y  t h a t  t h e  - 

6 5  

We e x p r e s s  t h i s  s y m b o l i o a l l y  a s  

l i m  si = n 
i +u 

We say t h a t  t h e  l i m i t  o f  s is i n f i n i t y  if 

P r o b l e m  2. G i v e n  an i n f i n i t e  s e q u e n c e ,  s ,  of  p o s i t i v e  

i n t ege r s ,  d e t e r m i n e  w h e t h e r  o r  n o t  t h e  l i m i t  o f  s is 

. ... . _. . . . ._ 
y, ' ,  ', , I 

i n f i n i t y .  
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’ A s  we h i n t e d  on p a g e s  52 and 57,  t h e  e x i s t e n c e  o f  a l l f a s t l l  

m a c h i n e  ( w i t h  w o r s t  c a se  r u n n i n g  t ime W )  t o  s o l v e  Problem 2 

would i m p l y  t h e  e x i s t e n c e  of a f a s t  m a c h i n e  t o  s o l v e  

Problem 1 .  

Recall t h a t  t h e  s o l u t i o n  t o  Problem 1 was, u n d e r  cer- .. 
t a i n  c o n d i t i o n s ,  a n  o u t p u t  o f  i n f i n i t e  s i z e ,  I n  c o n t r a s t ,  

Problem 2 c l e a r l y  r e q u i r e s  a f i n i t e - s i z e  a n s w e r  ( s u c h  a s  

r lyes r r  o r  t l noa ) .  I n  r e a l i t y ,  what c o n s t i t u t e s  a n  l l a n s w e r l l  

t o  a p r o b l e m  m u s t  a l w a y s  be  d e t e r m i n e d  by t h e  n a t u r e  of t h e  

e n t i t y  t h a t  r e a d s  t h e  a n s w e r .  C o n s i d e r ,  f o r  i n s t a n c e ,  two 

ways t o  r e p r e s e n t  t h e  number Zero: ( 1 )  Z e r o  c a n  be r e p r e -  

s e n t e d  a s  an i n f i n i t e  dec imal  e x p a n s i o n ,  e a c h  d i g i t  o f  w h i c h  

i s  t h e  symbol  l10l1. If x i  = 0 ,  f o r  e v e r y  p o s i t i v e  i n t e g e r  i ,  

t h e n  Program PROBLEM1 r e p r e s e n t s  t h a t  I X ~ / Y . ) ~  i= l  c o n v e r g e s  

t o  zero by  p r i n t i n g  o u t  t h i s  i n f i n i t e - d e c i m a l - e x p a n s i o n  v e r -  

s i o n  o f  z e r o .  Any e n t i t y  r e a d i n g  t h e  o u t p u t  of P r o g r a m  

PROBLEM? m u s t  be  p r e p a r e d  t o  read  an i i f i n i t e  decimal  e x p a n-  

1 

s i o n .  ( 2 )  T h e  o t h e r  way t o  r e p r e s e n t  zero i s  w i t h  a f i n i t e  

symbol  o f  some s o r t .  F u n c t i o n  FINITE d o e s  t h i s  b y  p r i n t i n g  
w 

Q U t  l r t r u e f l  ( s i n c e  FINITE = t l t r u e l l  means  t h a t  I X i / y i ) i = ,  - 9  

c o n v e r g e s  t o  z e r o ) .  T h i s  f i n i t e  r e p r e s e n t a t i o n  i s  n e c e s s a r  

b e c a u s e  t h e  e n t i t y  which  r eads  t h e  i n f o r m a t i o n  n e e d s  t o  read 

it i n  f i n i t e  form. The r e a d i n g  e n t i t y  i s  P r o g r a m  PROBLEM?. 

T h i s  p r o c e d u r e  d e p e n d s  o n  F u n c t i o n  FINITE t o  p r o v i d e  a c o n-  

a n d  c i s e  a n s w e r  t o  t h e  c o n v e r g e n c e  q u e s t i o n  f o r  { X i / Y i ) i = l  

each  v a l u e .  of q .  

w 

1 

I- I ill I 
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L e t  s b e  an  i n f i n i t e  s e q u e n c e  o f  p o s i t i v e  i n t e g e r s .  We I 

1 

c t a l l  s a n  + s e q u e n c e  i f  a t  l e a s t  o n e  i n t e g e r  o c c u r s  i n f i -  

n i t e l y  inany t imes  i n  s .  Otherwise s is a - 3- s e q u e n c e .  

Lemma 3 . 1 .  Let s b e  an  i n f i n i t e  s e q u e n c e  o f  p o s i t i v e  i n t e -  

ge r s .  Then s is  a - 3- s e q u e n c e  i f f  t h e  l i m i t  of  s i s  i n f i -  

n i t y .  

Proof. A s i m p l e  p i d g e o n h o l i n g  a r g u m e n t .  0 

T h u s  P r o b l e m  2 h a s  a n  e q u i v a l e n t  ' f o r m u l a t i o n  w h i c h  c a n  

be s t a t e d  a s  f o l l ows :  
i 

P r o b l e m  2. G i v e n  a n  i n f i n i t e  s e q u e n c e ,  s ,  of p o s i t i v e  

i n t e g e r s ,  d e t e r m i n e  whether s i s  a n  3- s e q u e n c e  o r  a 

- + s e q u e n c e .  

We now d e f i n e  a n  i n f i n i t e  T u r i n g  m a c h i n e  T1 ,T2  

t o  s o l v e  Problem 2: The f i r s t  m a c h i n e ,  T I '  i s  v e r y  much 

l i k e  t h e  T I - m a c h i n e  of Example  2 i n  Sec t ion  1.1.  

p o s i t i v e  i n t e g e r ,  i ,  m a c h i n e  T I  k e e p s  t r a c k ,  on 

t a p @ - o u t T 1 ( i ) ,  of t h e  number  (mod 2 )  of o c c u r r e n c e s  of  i i n  

s. A t  t ime O ,  m a c h i n e  T 2  wr i t es  11-3-sequence1'  on s q u a r e  1 

of i t s  o u t p u t  t a p e .  Then T 2  p r o c e e d s  t o  e x a m i n e  e a c h  s q u a r e  

of t a p e - o u t T 1 ,  s t a r t i n g  w i t h  t h e  l e f tmos t  s q u a r e .  

T2 p r i n t s  . n o t h i n g  u n l e s s  it r e a d s  a l l b l u r "  s y m b o l  on 

For e a c h  

M a c h i n e  
1 

1 " 

, 



6 8  

T t a p e - o u t  1 ,  i n  which  case i t  r e p l a c e s  t h e  symbol  lI-3- 

s e q u e n c e f 1  on i t s  o u t p u t  t a p e  w i t h  t h e  symbol  113-sequence11,  

a n d  h a 1  ts. 

I f  s i s  an 3 - s e q u e n c e ,  t h e  r u n n i n g  t ime of t h e  i n f i n i t e  

m a c h i n e  T1,Tz i s  W .  Otherwise  t h e  t ime  r e q u i r e d  t o  p e r f o r m  

t h e  c o m p u t a t i o n  i s  ~ 2 .  Our g o a l  i s  t o  p r o v e  t h a t  t h i s  i n f i -  

n i t e  T u r i n g  m a c h i n e  i s  t ime o p t i m a l  fo r  Problem 2 , ' i . e . ,  

t h a t  n o  i n f i n i t e  T u r i n g  m a c h i n e  can s o l v e  t h e  p r o b l e m  fo r  

e v e r y  s e q u e n c e  i n  l e s s  t h a n  w 2  time. I n  o r d e r  t o  i n t r o d u c e  

t h e  main  i d e a s  u s e d  i n  r e a c h i n g  t h a t  g o a l ,  we f i r s t  c o n s i d e r  

a r e s t r i c t e d  form o f  t h e  g i v e n  p r o b l e m ,  F o r  t h e  r e s t r i c t e d  

form o f  t h e  p r o b l e m ,  t h e  d e s i r e d  r e s u l t  i s  e a s i e r  t o  p r o v e .  
1 

3.2 Proof of a n  eas ie r  r e s u l t  

f i n i t e l y  many s q u a r e s  o f  t h e  o u t p u t  t a p e  of  T I .  

Assume t h a t  we h a v e  an i n f i n i t e  m a c h i n e  T1,T2 t h a t  

s o l v e s  t h e  o r i g i n a l  p r o b l e m ,  P r o b l e m  2 ,  w i t h  worst case r u n-  

n i n g  time W .  Then T2 n e v e r  e x e c u t e s  more  t h a n  f i n i t e l y  many 

s t e p s .  T h i s  b e i n g  t h e  case,  T2 n e v e r  e x a m i n e s  more t h a n  

We w a n t  t o  

( i . e . ,  a n y  

o u t p u t  of T i  

i s  ' lambiguousl l  w i t h  r e s p e c t  t o  P r o b l e m  2.  

"ambiguousf1  w i l l  b e  d e f i n e d  more  c a r e f u l l y  l a t e r .  F o r  now 

l e t  u s  s i m p l y  s t a t e  t h a t  no  augmented  a l g o r i t h m ,  Ti, c a n  

The word 

1 

show t h a t ,  g i v e n  a n y  augmented  T u r i n g  m a c h i n e  T 

augmented  a l g o r i t h m ) ,  a n y  f i n i t e  p o r t j l o n  o f  t h e  



. .  
..... ~ . .  . 

s u c c e s s f u l l y  e x a m i n e  an  i n f i n i t e  s e q u e n c e ,  a n d ,  o n  a f i n i t e  

s e c t i o n  of  i t s  o u t p u t  t a p e ,  c o r r e c t l y  e n c o d e  t h e  i n f o r m a t i o n  

113-sequence11 o r  $4-3-sequence1i  a b o u t  t h e  i n p u t  s e q u e n c e .  

T h i s  r e s u l t  i s  e a s y  t o  p r o v e  i f  we make t h e  r e s t r i c t i o n  

t h a t  t h e  a n s w e r  t o  Problen 2 m u s t  be e n c o d e d  on o n l y  o n e  

s q u a r e  of  t a p e - o u t  1 ,  s a y  t h e  l e f tmos t  s q u a r e ,  

t a p e - o u t  1 ( 1 ) .  - The a r g u m e n t  f o r  t h i s  s i m p l i f i e d  p r o b l e m  

c o n t a i n s  t h e  s e q u e n c e  s p l i c i n g  i d e a ,  w h i c h  we w i l l  u s e  l a t e r  

f o r  t h e  o r i g i n a l  Problem 2. So we w i l l  f i rst  g i v e  a n  i n f o r -  

mal d e s c r i p t i o n  of  t h e  a r g u m e n t  f o r  t h i s  s i m p l i f i e d  v e r s i o n  

o f  Problem 2.  I n  p a r t i c u l a r ,  we w i l l ,  show t h a t  

- 
T 

T 

1 
( * I  I f  T I  i s  a n  a u g m e n t e d  T u r i n g  m a c h i n e ,  t h e n  t h e r e  i s  a n  

i n f i n i t e  s e q u e n c e ,  s ,  s u c h  t h a t .  a t  time o, t h e  a n s w e r  

'Is i s  a n  3 - s e q u e n c e t 1  or i s  a - + s e q u e n c e "  i s  i n c o r -  
r e c t l y  coded o n  t a p e - o u t  T I ( ? ) .  

The s i m p l i f i e d  a r g u m e n t  g i v e n  below is m e a n t  t o  a i d  t h e  

r e a d e r  t o  u n d e r s t a n d  t h e  more c o m p l i c a t e d  a r g u m e n t  for t h e  

o r i g i n a l ,  u n - r e s t r i c t e d  v e r s i o n  o f  P r o b l e m  2. The more coin- 

p l i c a t e d  a r g u m e n t  w i l l  be g i v e n  i n  S e c t i o n  3 . 3 .  

Assume, t h e n ,  t h a t  we h a v e  an a u g m e n t e d  T u r i n g  machine, 

T I ,  whose i n p u t  i s  a n  i n f i n i t e  s e q u e n c e  of p o s i t i v e  i n t e -  

g e r s .  Let X be t h e  s e t  of  a l l  s y m b o l s  t h a t  may a p p e a r  o n  

t a p e - o u t T ! ( l )  at t i m e  w .  

) 

Note that X is a s u b s e t  of  



J T O u t P u t - A l P h a b e t  'I u { l t b l u r l l ) .  The s e t  X i s  a d i s j o i n t  u n i o n  

A t  t ime O ,  i f  we f i n d  a n  e l e m e n t  3' 
o f  two s e t s ,  X a n d  X, 

- 3 
I 

'I' I 

I o f .  x3 on t a P e - o u t  1 ( 1 ) ,  we c o n c l u d e  t h a t  t h e  i n p u t  s e q u e n c e  

was a n  3 - s e q u e n c e .  If we f i n d  a n d  e:Lement o f  X, we c o n -  

c l u d e  t h a t  t h e  i n p u t  s e q u e n c e  was a - 3- s e q u e n c e .  

f o r m a l l y ,  

1' 
More 

X = { t a p e - o u t  T 1 ( s ) ( ~ ) l s  i s  a n  i n f i n i t e  s e q u e n c e  
0 

o f  p o s i t i v e  i n t e g e r s ) ,  

= { t a p e - o u t T 1  ( 1  ) I s i s  a - 3 - s e q u e n c e 3 ,  a n d  x-3 w 

We w i l l  d i v i d e  t h e  p r o o f  i n t o  cases ,  d e p e n d i n g  o n  w h i c h ,  

i f  e i t h e r ,  o f  t h e  s e t s  X o r  X, c o n t a i n s  t h e  l l b l u r l l  s y m b o l .  3 3 

F i r s t  we d e f i n e  a few u s e f u l  i n f i n i t e  s e q u e n c e s .  L e t  

s = (1, 2, 3 ,  4, 0 . .  > 
l 

a n d ,  f o r  e a c h  p o s i t i v e  i n t e g e r ,  i, l e t  

ti = <i, i ,  i ,  i ,  ... >. 

The r e s u l t  of  a p p l y i n g  T1 t o  s s h o u l d  g i v e  u s  a n  e l e m e n t  o f  1 
. T h i s  i s  also t r u e  fo r  any s e q u e n c e ,  s ' ,  t h a t  d i f f e r s  x-3 
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from s o n l y  i n  i t s  i n i t i a l  s e g m e n t ,  s i n c e  a n y  s u c h  s e q u e n c e  

s '  i s  a l s o  a - % s e q u e n c e .  (E.g., s '  = <5, 5 ,  5 ,  5 ,  1 0 ,  1 1 ,  

12 ,  13 ,  is a - % s e q u e n c e . )  The r e s u l t  of  a p p l y i n g  T1 

t o  a n y  t i - s e q u e n c e  should g i v e  u s  a n  e l e m e n t  of  X3. 

same is  t r u e  f o r  a n y  s e q u e n c e ,  t i t ,  t h a t  d i f f e r s  from a 

The  

t i - s e q u e n c e  o n l y  i n  i t s  i n i t i a l  s e g m e n t .  

Now we d i v i d e  t h e  proof  o f  ("1 i n t o  t h r ee  cases: 

Case 1 .  N e i t h e r  X3 n o r  X - 3  c o n t a i n  t h e  t lb lur l l  Symbol. 

T Then l l b l u r l *  c a n n o t  a p p e a r  o n  t a p e - o u t  I ( ? )  a t  time W .  

I f  T I  w a n t s  to t e l l  u s  t h a t  t h e  i n p u t ;  s e q u e n c e  i s ,  s a y ,  a n  

& s e q u e n c e ,  i t  ha s  t o  d e c i d e  o n  t h i s  a t  some f i n i t e  t ime by  
i 

s e t t l i n g  i n  on  a symbol i n  X 3  and  n e v e r  c h a n g i n g  i t s  mind  

a g a i n .  L i k e w i s e  w i t h  a - 3- s e q u e n c e .  We w i l l  compose  a se- 

q u e n c e ,  s3 ,  which t r i c k s  T1  i n t o  p r o d u c i n g  t h e  l l b l u r l t  s y m b o l  

o n  t a p e - o u t  I ( I ) ,  c o n t r a r y  t o  o u r  a s s u m p t i o n s .  T 

We b e g i n  t h e  c o n s t r u c t i o n  o f  s 3  w i t h  a n  i n i t i a l  s e g m e n t  

o f  s. How l a r g e  an i n i t i a l  s e g m e n t  s h o u l d  we choose? S i n c e  

s i s  a - 3 - s e q u e n c e ,  m a c h i n e  T l ,  upon  e x a m i n i n g  s ,  m u s t  a t  

some f i n i t e  time wri te  an  e l e m e n t  of  X - 3  on  t a p e - o u t  T I W ,  

a n d  n e v e r  c h a n g e  t h a t  symbol  a g a i n ,  S i n c e  t h i s  h a p p e n s  a t  a 

f i n i t e  time i n  t h e  c o m p u t a t i o n ,  T I  c o u l d  o n l y  h a v e  e x a m i n e d  

a f i n i t e  i n i t i a l  s e g m e n t  o f  s by  t h a t  time. Le t  f l  be t h i s  

i n i t i a l  s e g m e n t  o f  s.  O n t o  f l  we o o n c a t e n a t e  f2, a s e g m e n t  
i 
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1 

o f  t '. How l a r g e  a segment  s h o u l d  we c h o o s e ?  We s h o u l d  

choose f 2  l a r g e  enough SO t h a t  T1  c h a n g e s  i t s  symbol i n  X - 3  

t o  a symbol  i n  XI. 

f i n i t e  t ime i n  t h e  c o m p u t a t i o n ,  e v e n  though  o n l y  an i n i t i a l  

Once a g a i n ,  t h i s  h a s  $0 be done  a t  a 

segment  o f  t h e  s e q u e n c e  

f l t l  = < I ,  2 ,  3 ,  4 

h a s  been examined b y  T I .  

.. n ,  ' 1  

Thus i n  examin ing  f l f z ,  mach ine  T I  will, among o t h e r  

t h i n g s ,  write an e l e m e n t  o f  X - 3  on t a p e - o u t T 1 ( l )  and later 

change  t h a t  symbol  t o  an e l e m e n t  o f  X3. 1 

Onto f l f Z  we c o n c a t e n a t e  f3 ,  an i n i t i a l  segment  o f  s.  

Again ,  i n  p r e p a r a t i o n  f o r  t h e  e x a m i n a t i o n  o f  t h e  e n t i r e  i n-  

f i n i t e  s e q u e n c e  f l fZs ,  T1 m u s t ,  a t  some f i n i t e  time dur ing ;  

t h e  e x a m i n a t i o n  of s ,  c h a n g e  t h e  answer  on i t s  o u t p u t  t a p e  

back t o  an e l e m e n t  of X - 3 .  

We c o n t i n u e  i n  t h i s  manner, forming S J  b y  s p l i c i n g  t o -  

g e t h e r  s egmen t s  o f  & s e q u e n c e s '  and - & s e q u e n c e s  i n  an a l -  

t e r n a t i n g  f a s h i o n .  By d o i n g  t h i s ,  we f o r c e  TI t o  change 

i t s  mind i n f i n i t e l y  o f t e n  between symbols i n  X 3  and X - 3 -  

T h e r e f o r e ,  a t  time W ,  t a p e - o u t ' I ( 1 )  c o n t a i n s  t h e  " b l u r "  

symbol ,  T h i s  c o n t r a d i c t s  t h e  Case 1 h y p o t h e s i s .  

. .. 
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3' 
1 Case  2.  T h e  k ' b l u r l l  symbol i s  an e l e m e n t  of X- 

I n  o r d e r  t o  i n d i c a t e  t h a t  t h e  i n p u t  s e q u e n c e  is a -3- 
s e q u e n c e ,  T1  may, a t  some f i n i t e  t ime ,  s e t t l e  on a non-  

l l b l u r f l  element of X, or it may c h a n g e  i t s  mind i n f i n i t e l y  

o f t e n  a b o u t  t h e  c o n t e n t  o f  t a p e - o u t  l ( l ) ,  p r o d u c i n g  a T 
3' 

l l b l u r f l .  I n  c o n t r a s t ,  t h e  e l e m e n t s  of X a r e  a l l  ( o r d i n a r y )  

elements o f  t h e  o u t p u t  a l p h a b e t  o f  T 1 .  
3 
We must  c r e a t e  a 

c o n t r a d i c t i o n  by f i n d i n g  an 3 s e q u e n c e  t h a t  f o r c e s  T 1  t o  

p r o d u c e  a l l b l u r f l ,  

N o t i c e  t h a t  t h e  s e q u e n c e  s crea ted  f o r  Case 1 ,  was an  3' 
+ s e q u e n c e .  With o n e  s l i g h t  m o d i f i c a t i o n  t o  t h e  a rgumen t  

we can  use s e q u e n c e  s t o  c o n t r a d i c t  t h e  h y p o t h e s i s  of  Case 

2. The m o d i f i c a t i o n  is  a s  fo l lows:  When we c h o o s e  f 2 i + 1 ,  an  

odd-numbered i n i t i a l  segment  o f  s ,  we c a n n o t  a r g u e  a s  we d i d  

i 

3 

i n  Case 1 t h a t  T I  w i l l ,  upon e x a m i n a t i o n  o f  some i n i t i a l  

I n  segment  of f l f 2  .. . f 2 i s ,  s e t t l e  on an element of X, 

Case 2 machine  T1 may never  s e t t l e  OM an non- l lb lur l f  symbol 

from X, s i n c e  t h e  mach ine  c a n  i n d i c a t e  a - 3- sequence  by 

3' 

3' 
c h a n g i n g  i t s  mind i n f i n i t e l y  o f t e n ,  p r o d u c i n g  a I1blurt1.  

I n s t e a d  we a r g u e  a s  fo l lows:  Assume t h a t  we h a v e  c o n s t r u c -  

t e d  f l f 2 . . . f 2 i .  S i n c e  2 i  i s  an even  number,  mach ine  T1  

w i l l ,  upon examin ing  f 1 f 2  ... f 2 i ,  wr i t e  an e l e m e n t  o f  X on  

t a p e- o u t  l ( 1 ) .  We m u s t  choose a f i n i t e  s e q u e n c e  f 2 i + l  SO 

t h a t ,  w h i l e  p r o c e e d i n g  on t o  examine  f 2 i + l  T1 c h a n g e s  t h e  

c o n t e n t  o f  t a p e - o u t  1 ( 1 )  from t h a t  e l e m e n t  of  x3 to Some 

3 
T 

1 
T 
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1 Q t h e r  s y m b o l .  

s e q u e n c e  f 1 f  2... f2is. 

a r e  two p o s s i b i l i t i e s :  

To d o  t h i s ,  we c o n s i d e r  a g a i n  t h e  i n f i n i t e  

S i n c e  t h i t  is a - ] - s e q u e n c e ,  t h e r e  

Case 2 .1 .  With f l f  2...f2is o n  t h e  i n p u t  t a p e  o f  T I ,  t h e  
c o n t e n t  of t a p e - o u t  T l ( 1 )  a t  t i m ?  w would be  a n o n - l l b l u r l f  

3' e l e m e n t  of X, 

T h e n ,  a t  some f i n i t e  time d u r i n g  t h e  e x a m i n a t i o n  o f  s ,  

m a c h i n e  T1 c h a n g e s  t h e  c o n t e n t  of ' cape- out  ' T  l ( 1 )  t o  a non- 

A s  i n  Case 1 ,  T1 h a s  e x a m i n e d  o n l y  a 3' I t b l u r t 1  e l e m e n t  o f  X, 

f i n i t e  i n i t i a l  s e g m e n t  o f  s b y  t h e  time i t  c h a n g e s  

t o  b e  t h a t  i n i t i a l  s e g m e n t .  ta -pe-out  ( I  1. We c h o o s e  f 2 i + l  T 

i 

Case 2 .2 .  

c o n t e n t  o f  t a p e - o u t  1 ( 1 )  a t  t ime w would b e  a t l b l u r l l .  

With  f l f 2  .. . f 2 i s  on  t h e  i n p u t  t a p e  o f  T I ,  t h e  
T 

T h e n ,  d u r i n g  t h e  e x a m i n a t i o n  o f  s ,  m a c h i n e  T1 c h a n g e s  
T the c o n t e n t  o f  t a p e - o u t  1 ( 1 )  i n f i n i t e l y  many t imes .  L e t  

f 2 i + 1  be an i n i t i a l  s e g m e n t  of  s which  i s  l o n g  e n o u g h  t o  

i n s u r e  t h a t ,  upon e x a m i n a t i o n  of f 2 i + 1 ,  m a c h i n e  T1 c h a n g e s  

t h e  c o n t e n t  of t a p e - o u t  1 ( 1 )  a t  l e a s t  o n c e .  T 

I n  e i t h e r  case (2 .1  or 2,2), m a c h i n e  T1 c h a n g e s  t h e  c o n -  
T t e n t  of t a p e - o u t  1 ( 1 )  upon e x a m i n a t i o n  of  f 2 i + l O  T h i s  w i l l  

h a p p e n  i n f i n i t e l y  many times as TI e x a m i n e s  t h e  i n f i n i t e  

s e q u e n c e  9 = f 1 f Z f 3  ... . T h u s ,  w i t h  s = f l f 2 f 3 . 0 .  o n  t h e  3 3 

! I  
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i n p u t  t a p e  of TI, t h e  c o n t e n t  o f  t a p e - o u t  T l ( 1 )  a t  t ime w I 

w i l l  be " b l u r t 1 .  A s  i n  C a s e  1 ,  t h e  s e q u e n c e  s t h a t  w e  h a v e  

c o n s t r u c t e d  is a n  + s e q u e n c e .  T h u s ,  o n c e  a g a i n ,  we h a v e  
3 

t r i c k e d  TI i n t o  p r o d u c i n g  l l b l u r " ,  a n  element of X, u p o n  
3' 

e x a m i n a t i o n  o f  s a n  + s e q u e n c e ,  3' 

3' 
C a s e  3. The l l b l u r t l  symbol  is a n  e l e m e n t  o f  X 

I n  o r d e r  t o  i n d i c a t e  t h a t  t h e  i n p u t  s e q u e n c e  i s  an 3- 
s e q u e n c e ,  TI may, a t  some f i n i t e  time, s e t t l e  on  a non- 

I1b lu r r1  e l e m e n t  o f  X o r  i t  may c h a n g e  i t s  mind i n f i n i t e l y  

o f t e n  a b o u t  t h e  c o n t e n t  of  t a p e - o u t  l ( l ) ,  p r o d u c i n g  a 

l l b l u r l l .  I n  c o n t r a s t ,  t h e  e l e m e n t s  o f  X, a r e  a l l  ( o r d i n a r y )  

e l e m e n t s  of t h e  o u t p u t  a l p h a b e t  of T1 .  

T 
3' 

\ 3 
We m u s t  c r e a t e  a 

c o n t r a d i c t i o n  by f i n d i n g  a - + s e q u e n c e  t h a t  forces  T I  t o  

p r o d u c e  a l l b l u r l l .  

We m u s t  m o d i f y  t h e  c o n s t r u c t i o n  t o  p r o d u c e  s, a -3- 3' 
s e q u e n c e .  Choose f l  a s  before ,  and assume t h a t  f l  i s  

( 1 ,  2, 3,  ..., n > .  Choose f2 t o  be a segment o f  t*+l.  T h i s  

g i v e s  us < I ,  2,  3 ,  ..., n ,  n + l ,  n+l, ..., n+l>. Choose f3 

t o  be a segment of  s that s t a r , t s  with t h e  p o s i t i v e  i n t e g e r  

n+2. T h i s  g i v e s  us ( 1 ,  2 ,  3, ... n ,  n + l ,  ..., n + l ,  n+2, 

n + 3 ,  n t 4 ,  .,., n+m>. And so o n .  Notice t h a t  we a lways  

C h o o s e  a n e w  s e g m e n t  which h a s  no i n t e g e r s  i n  common W i t h  

t h e  p r e v i o u s  s e g m e n t s .  (We w i l l  s a y  t h a t  t hese  s e g m e n t s  a r e  

d i s j o i n t ) . .  U s i n g  t h i s  t r i c k ,  we a r e  a s s u r e d  t h a t  t h e  re- 
1 
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1 s u l  t i n g  s e q u e n c e ,  S -  31 i s  a - + s e q u e n c e ,  A s  i n  Cases 1 a n d  

2 ,  we con ' s t ruu t  o u r  s e q u e n c e  b y  a l t e r n a t i n g  i n f i n i t e l y  many 

I 

times b e t w e e n  3- s e q u e n c e s  and  - 3 - s e q u e n c e s ,  p r o d u c i n g  a 
l f b l u r l s  on t a p e - o u t  T 1 ( 1 > .  0 

T h i s  c o m p l e t e s  t h e  p r o o f  of  t h e  s i m p l i f i e d  v e r s i o n  of 

m a i n  theorem. 

3.3 Proof  o f  t h e  m a i n  r e s u l t  

Now we d r o p  t h e  s i m p l i f y i n g  a s s u m p t i o n s ,  a n d  b e g i n  some 

of  t h e  formal d e t a i l s  of t h e  proof o f  t h e  g e n e r a l  r e s u l t ,  

N o t a t i o n :  I n  t h e  d i s c u s s i o n  t h a t  follows, s w i l l  a l w a y s  

s t a n d  f o r  a n  i n f i n i t e  s e q u e n c e  o f  p o s i t i v e  i n t e g e r s  and  

s ( i )  o r  S i  w i l l  d e n o t e  t h e  ith member of  t h e  s e q u e n c e ;  f ,  

f l ,  f 2 ,  ..., e t c .  w i l l  be f i n i t e  s e q u e n c e s  o f  p o s i t i v e  

i n t e g e r s .  

Le t  T b e  an augmented  T u r i n g  m a c h i n e .  Assume t h a t  s i s  

w r i t t e n  o n  t h e  i n p u t  t a p e  o f  T. We c o n s i d e r  s e v e r a l  f i n i t e  

s e g m e n t s  o f  t h e  s e q u e n c e  s.  Let  f 1  b e  < s ( 1 ) , . , . , s ( n l ) >  and  

f 2  b e  < s ( n l + l ) , . . , , s ( n 2 ) > .  

t o  d e n o t e  t h e  c o n c a t e n a t e d  s e q u e n c e  < s ( l ) ,  .. . , s ( n l )  , s ( n l + l ) ,  

..., s ( n 2 ) > .  I f  p i s  a p o s i t i v e  i n t e g e r ,  t h e n  f l P  W i l l  re-  

p r e s e n t  t h e  s e q u e n c e  < s ( l ) , , , . , s ( n l ) , p > .  ( I - e . ,  f l P  is 

f l < p > . )  

The n o t a t i o n  f 1 f 2  w i l l  be u s e d  

We s a y  t h a t  f 1  and  f 2  a r e  - d i s j o i n t  i ff  



I 

( V i ,  l s i s n l ) ( V j ,  n l + l s j s n a ) [ s ( i )  f s ( j > l .  

Wi th  T ,  s ,  f l  and f 2  d e f i n e d  a s  a b o v e ,  l e t  t h e  f i r s t  

d i g i t  o f  s ( n l + l )  ( r e s p e c t i v e l y  s ( n 2 + 1 ) >  be on t h e  k l t h  

( r e s p e c t i v e l y  k z n d )  s q u a r e  of t a p e - i n  T . 

I I 
T v i s i t s  t h e  kith 
s q u a r e  a t  t ime t 1  

T v i s i t s  t h e  kz th  
s q u a r e  a t  time t 2  

1 J-IL . . .  
* * *  f l  f 2  f3 1 

1 . . .  
S 0 . .  

Let t l  ( r e s p e c t i v e l y  t 2 )  b e  t h e  smal les t  p o s i t i v e  i n t e g e r  

s u c h  t h a t  p o s i t i o n - i n  T ( s )  = k1 ( r e s p e c t i v e l y  p o s i t i o n - i n  T ( s )  

= k2). T h e  i n t e g e r  t l  ( r e s p e c t i v e l y  t2) r e p r e s e n t s  t h e  ea r-  

l i e s t  time when we c a n  be a s s u r e d  t h a t  T h a s  r e a d  a l l  of f 1  

( r e s p e c t i v e l y  f 2 ) .  Le t  i b e  a p o s i t i v e  i n t e g e r .  We d e f i n e  

t l  t2 

t a p e - o u t T ( f l ) ( i )  t o  be t a p e - o u t t l m l  T ( a ) ( i ) .  I n t u i t i v e l y  

t a p e - o u t T ( f l ) ( i )  i s  t h e  symbol  w r i t t e n  o n  t h e  ith s q u a r e  of' 

t h e  o u t p u t  t a p e  of T a s  T b e g i n s  t o  move p a s t  f l  f o r  t h e  

f i r s t  time. I We s a y  t h a t  f 2  c h a n g e s  t a p e - o u t T ( f l ) ( i )  i f f  f o r  
1 

j some j ,  t . l c j s t 2 ,  t a p e - o u t  T ( s ) ( i >  f t a p e - o u t T ( f l ) ( i ) .  J . "  1 

I 

t 3  
i 

i 



7a 

Thi s  means t h a t  t h e  symbol w r i t t e n  o n  t h e  ith squa re  o f  t h e  

ou tpu t  t a p e  of  T does  no t  remain c o n s t a n t  a s  T p roceeds  t o  

i n c l u d e  f 2  i n  i t s  knowledge of  t h e  c o n t e n t s ,  o f  t ape- in .  

We say  t h a t  f l  f i x e s  tape- out T ( i , )  i ff  f o r  any 

f i n i t e  sequence fz, if  f l f 2  i s  encoded on t h e  l e f t m o s t  
squa re s  o f  t ape- in  T , and f 2  i s  d i s j o i n t  from f l ,  then  f2 

does no t  change t a p e - o u t T ( f l ) ( i ) .  

means t h a t  once T ha s  examined f l  on i t s  i n p u t  t a p e ,  t h e  

ith symbol on t h e  o u t p u t  t a p e  of  T w i l l  never be changed 

aga in  (p rov ided  T does  no t  f i n d  another  occu r r ence  o f  an 

i n t e g e r  t h a t  occured i n  f , ) .  

I n t u i t i v e l y ,  t h i s  

1 
The fo l lowing  lemmas a r e  t r i v i a l  consequences of t h e  de- 

f i n i t i o n s  o f  "changesq1 and and a r e  s t a t e d  wi thout  

proof . 

Lemma 3.2. Le t  s = f l f 2 f 3  ..., a s  above, 

inbeger .  

T(s)( i )  = "blur1t ,  tape- out  J ( i )  then tape-ou tu  

Let i be a p o s i t i v e  

I f ,  f o r  i n f i n i t e l y  many j ,  f j + l  changes 
T ( f 1 . e . f . )  

Lemma 3 . 3 .  L e t  s = f l f z f 3  ..., a s  above. 

i n t e g e r .  

L e t  i be a p o s i t i v e  

If f 2  changes t a p e - o u t T ( f l ) ( i ) ,  t h e n  f 2  i s  a non- 

empty sequence.  

\ 

i 

Lemma 3.4, Let s z f l f 2 f 3  ,.., a s  above. 

i n t e g e r .  , I f  f 2  changes t a p e - o u t T ( f l ) ( i ) ,  t h e n  f 2 f 3  changes 

L e t  i be a p o s i t i v e  
1 

i 
! i 1 ,  

t '!,~ 
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Lemma 3 . 5 .  L e t  s = f l f 2 f 3 . . . ,  w i t h  f j  d i s j o i n t  from f l ,  f o r  

each j > l -  L e t  i b e  a p o s i t i v e  i n t e g e r .  If fl f i x e s  

t a P e - o u t  T ( i ) ,  t h e n  t a p e - o u t u  T ( s ) ( i )  = t a p e - o u t  T ( f 1 )  ( i ) .  

Lemma 3.6. L e t  s = flfzf3..., w i t h  f2 d i s j o i n t  from f l .  L e t  

i b e  a p o s i t i v e  i n t e g e r .  If f l  f i x e s  t a p e - o u t  T ( i ) ,  t h e n  
f l f 2  f i x e s  t a p e - o u t  T ( i ) ,  

We w i l l  u s e  t h e  n o t a t i o n  and  d e f i n i t i o n s  g i v e n  above t o  

c o n s t r u c t  s e q u e n c e s  o f  p o s i t i v e  i n t e g e r s .  T h e s e  s e q u e n c e s  

w i l l  f o rce  our i n f i n i t e  T u r i n g  m a c h i n e  t o  t ake  a t  l e a s t  ~2 

time t o  s o l v e  P r o b l e m  2. 
J 

I n  s o l v i n g  Problem 2 ,  a m a c h i n e  is  g i v e n  a n  i n p u t  t a p e  

The  c o n t a i n i n g  an i n f i n i t e  s e q u e n c e  of p o s i t i v e  i n t ege r s .  

m a c h i n e  m u s t  e x a m i n e  e a c h  inember of  t h e  s e q u e n c e  ( o r  a t  

leas t ;  a l l - b u t - f i n i t e l y - m a n y  members of  t h e  s e q u e n c e )  . 
t h e  a c t i o n  o f  t h e  m a c h i n e  w i l l  t a k e  a t  l e a s t  w time, We d i -  

v i d e  t h e  m a c h i n e  i n t o  two p a r t s ,  T I  a n d  T2. The f i r s t  p a r t ,  

TI, i s  a n  a u g m e n t e d  T u r i n g  m a c h i n e  w h i c h  p e r f o r m s  the f i r s t  

w s t e p s .  

p e r f o r m s  a l l  o t h e r  s t e p s  n e c e s s a r y  t o  s o l v e  P r o b l e m  2. 

T h u s  

T h e  s e c o n d  p a r t ,  T2, r e a d s  t h e  o u t p u t  o f  T1 a n d  

S i n c e  T1 p e r f o r m s  w s t e p s ,  we c a n  i n c r e a s e  i t s  d u t i e s  b y  

i n s i s t i n g  b h a t  it make a d u p l i c a t e  c o p y  of its i n p u t  t a p e  o n  
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1 a l t e r n a t e  s q u a r e s  o f  i t s  o u t p u t  t a p e ,  

i n t e r t w i n e d  wi th  t h e  m a c h i n e ' s  o t h e r  d u t i e s ,  

d i f i e d  m a c h i n e  s t i l l  h a s  w o r s t  c a s e  r u n n i n g  time w .  

T h i s  work can be 

so  t h a t  t h e  mo- 

T h i s  

a d d e d  work c e r t a i n l y  d o e s  n o t  decrease t h e  c h a n c e  t h a t  t h e  

combined  m a c h i n e  T l , T 2  can s o l v e  Prob lem 2 ,  I n  f a c t ,  i t  

p r o v i d e s  T2 w i t h  a s e c o n d  c o p y  o f  i n f o r m a t i o n  t h a t  is a l -  
\ 

r e a d y  a v a i l a b l e  t o  it by d e f i n i t i o n  of t a p e - i n  T 2. ( R e c a l l  

from t h e  d e f i n i t i o n  o f  a n  i n f i n i t e  T u r i n g  m a c h i n e  t h a t  

t a p e - i n  T .  i = t a p e - i n T i - l  u t a p e - o u t T i * - l . )  Why, t h e n  d o  we w 

i n s i s t  on  h a v i n g  T I  make t h i s  oopy  o f  i t s  i n p u t  t a p e ?  I f  T I  

does  t h i s ,  t h e n  we can s i m p l i f y  t h e  d e f i n i t i o n  of . t a p e - i n T 2 .  

We can a s s u m e  t h a t  t a p e - i n  T 2 3 tape-uut:l .  T h i s  i s ' b e c a u s e  

a l l  the i n f o r m a t i o n  c o n t a i n e d  on t a p e - i n T l  u t a p e - o u t 2 1  is 
I 

e n c o d e d  o n  t a p e - o u t  T 1 .  G i v e n  t h i s  s i m p l i f i e d  d e f i n i t i o n ,  w 
a n y t h i n g  we o b s e r v e  a b o u t  t a p e - o u t T 1  i s  a l s o  true a b o u t  

t a p e - i n  2. 

lemmas 

w 
. T  T h i s  w i l l  be u s e f u l  i n  t h e  p r o o f s  o f  s e v e r a l  

I n  t h e  a b o v e  p a r a g r a p h  we a r g u e d  t h a t  we can ,  w i t h o u t  

loss o f  g e n e r a l i t y ,  i n c r e a s e  t h e  d u t i e s  o f  m a c h i n e  TI by  i n -  

s i s t i n g  t h a t  i t  c o p y  t h e  s q u a r e s  o f  i t s  i n p u t  t a p e  on a l t e r -  

n a t e  s q u a r e s  of i t s  o u t p u t  t a p e ,  I n  t h i s  p a r a g r a p h  we i n -  

a rease  t h e  m a c h i n e ' s  d u t i e s  e v e n  f u r t h e r .  Reca l l  t h e  ma- 

o h i n e  o f  Example  2 i n  S e c t i o n  1.1.  T h a t  m a c h i n e  r e c o r d e d ,  

on a s q u a r e  o f  i t s  o u t p u t  t a p e ,  t h e  number Cmodulo 2) o f  Oc- 

CurrenceS Q f  42 t h a t  i t  f o u n d  on i t s  i n p u t  t a p e .  

a Simi l a r  d u t y  f o r  o u r  Problem 2 - m a c h i n e ,  Ti- 

We crea te  
) W e  i n s i s t  
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t a p e - i n  T 1 ,  t h e  c o n t e n t  o f  t a p e - o u t  T ? ( I )  w i l l  o s c i l l a t e  end-  

t h a t  machine  T I  r e c o r d ,  on t h e  l e f t m o s t  s q u a r e  o f  i t s  o u t p u t  

t a p e ,  t h e  number (mod 2) Q f  s q u a r e s ' t h a t  i t  h a s  v i s i t e d  on 

On f i r s t  s i g h t  t h i s  added d u t y  seems t o  be  a waste of  

t h e  m a c h i n e ' s  e f f o r t ,  The c o n t e n t  o f  t a p e - o u t T 1 ( l )  w i l l  b e  

of  no  use i n  s o l v i n g  Problem 2 .  F u r t h e r m o r e ,  t h e  o o n t e n t  o f  

t h i s  s q u a r e  i s  c o m p l e t e l y  p r e d i c t a b l e ;  i , e . ,  no mat ter  what  

k i n d  o f  s e q u e n c e  i s  encoded on t a p e - i n  1, t h e  c o n t e n t  of T 

T 1 

t a p e- o u t  ' ( 1 )  i s  always " b l u r E f .  ' B u t  t h a t  p r e d i c t a b i l i t y  i s  

e x a c t l y  what makes t h i s  duty i m p o r t a n t .  When w e  i n c r e a s e  

the m a c h i n e ' s  d u t i e s  t h i s  way, we g u a r a n t e e  t h a t  

t a p e - o u t  l ( 1 )  is  n o t  f i x e d  by any f i n i t e  i n i t i a l  segment  

of  t h e  s e q u e n c e  encoded  on t a p e- i n  1. T h i s  w i l l  be u s e f u l  

i n  t h e  p r o o f  o f  t h e  main lemma (Lemma 3 . 9 ) .  Notice also 

t h a t ,  as i n  t h e  above  d i s c u s s i o n  on t a p e- c o p y i n g ,  a d d i n g  

t h i s  counting-mod- 2 t o  t h e  list of t h e  machine ' s  d u t i e s  d o e s  

n o t  i n c r e a s e  t h e  r u n n i n g  t ime o f  t h e  mach ine ,  n o r  does it 

d e c r e a s e  t h e  c h a n c e  t h a t  the combined mach ine  T1,Tz can  

s o l v e  Problem 2 .  

w 

T 

T 

The r e m a r k s  made i n  t h e  l a s t  t h r e e  p a r a g r a p h s  a r e  sum- 
) 

m a r i z e d  i n  t h e  f o l l o w i n g  d e f i n i t i o n s  and lemma: 



D e f i n i t i o n ,  L e t  T1 be an  augmented  T u r i n g  m a c h i n e .  For  , 

each p o s i t i v e  i n t e g e r  i ,  l e t  ti  be t h e  smal les t  p o s i t i v e  i n -  

t e g e r  s u c h  t h a t  p o s i t i o n - i n T l > i ,  

c o p y i n g  mach ine '  ( o r ,  f o r  e m p h a s i s ,  a n  a u g m e n t e d  c o p y i n g  

T u r i n g  m a c h i n e )  i f  

Then TI i s  c a l l e d  a 
ti 

f o r  e v e r y  i ,  f o r  e v e r y  t r t ib  

D e f i n i t i o n .  Let  TI and ti be d e f i n e d  a s  a b o v e .  

c a l l e d  a c o u n t i n g  m a c h i n e  (or, for  e m p h a s i s ,  a n  a u g m e n t e d  

Then TI i s  

_I_ 

c o u n t i n g  T u r i n g  m a c h i n e )  i f  
i 

/ 
I f levenl l  i f  i is e v e n  

)lroddlr i f  i i s  odd 
J 

for e v e r y  p o s i t i v e  i n t e g e r  i. 

Lemma 3.7. If Problem 2 c a n  be s o l v e d  by  a n  i n f i n i t e  T u r i n g  

m a c h i n e  whose wors t  ca se  r u n n i n g  time i s  wn, then Problem 2 i 
I 

c a n  be s o l v e d  b y  a n  i n f i n i t e  T u r i n g  m a c h i n e  whose worst  c a s e  

r u n n i n g  t ime i s  on and 'whose f i r s t  a u g m e n t e d  T u r i n g  m a c h i n e  

i s  a c o p y i n g  and c o u n t i n g  m a c h i n e .  

I 1 
T h e  p r o o f  of Lemma 3 . 7  follows t r i v i a l l y  from t h e  re-  

i 
t 
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) marks made a b o v e .  H e n c e f o r t h  when we r e f e r  t o  an i n f i n i t e  

T u r i n g  m a c h i n e  T1,T2 t o  s o l v e  P r o b l e m  2 ,  we w i l l  a s s u m e  t h a t  

T I  i s  a o o p y i n g  and c o u n t i n g  machine . ,  Notice t h a t ,  a s  a 

c o n s e q u e n c e  o f  t h e  d e f i n i t i o n ,  a c o p y i n g  m a c h i n e  a l w a y s  p e r -  

forms w s t e p s .  

R e t u r n i n g  t o  our main  g o a l ,  we a r e  p r e p a r i n g  t o  p r o v e  

t h a t  a n  i n f i n i t e  T u r i n g  m a c h i n e  T1,T2 which  s o l v e s  P r o b l e m  2 

t a k e s  a t  l e a s t  w 3 r h i m e .  I n  o rde r  t o  show t h i s ,  we m u s t  f i n d  

s e q u e n c e s  t h a t  fo rce  T2 t o  take a t  l e a s t  w time. To do t h i s  

we w i l l  show t h a t  T2 c a n n o t  d o  i t s  job wi thou t  e x a m i n i n g  i n -  

f i n i t e l y  many s q u a r e s  of  t h e  o u t p u t  t a p e  of TI.. Surpri-  

s i n g l y ,  T2 h a s  v e r y  l i t t l e  t o  d o  w i t h  t h e  p r o o f .  

a c t u a l l y  show i s  t h a b  t h e  a n s w e r  t o  P r o b l e m  2 i s  n o t  e n c o d e d  

What we 

1 

on f i n i t e l y  many s q u a r e s  of  t h e  o u t p u t  t a p e  o f  TI. We fo r-  

ma l i ze  t h i s  n o t i o n  i n  t h e  f o l l o w i n g  d e f i n i t i o n s :  

D e f i n i t i o n .  L e t  n b e  a p o s i t i v e  i n t e g e r .  An augmented  

T u r i n g  m a c h i n e ,  T I ,  i s  n- ambiguous  i f  t h e r e  i s  a -3- 
s e q u e n c e ,  s - ~ ,  and  a n  ] - sequence ,  s3, s u c h  t h a t  

fo r  a l l  i g n .  The - + s e q u e n c e  i s  s a i d  t o  n - w i t n e s s  t h e  

n- a t n b i g u i t y  o f  T I .  The +sequence is s a i d  t o  

1 n- cowitness t h e  n- a m b i g u i t y  of  T I *  



D e f i n i t i o n .  

' a m b i g u o u s ,  

An augmented T u r i n g  machine ,  TI , % *  is 

i f  t h e r e  is  a - + s e q u e n c e ,  s--,, s u c h  t h a t ,  f o r  
-I 

e v e r y  p o s i t i v e  i n t e g e r  n, s W 3  n - w i t n e s s e s  the n-ambiguitY o f  

Notice t h a t  i f  a - + s e q u e n c e  witnesses t h e  u n i f o r m  arnbi- 

q u i t y  of  Ti, t h e n  f o r  e a c h  p o s i t i v e  i n t e g e r  n t h e r e  must be 

a n  & s e q u e n c e  t h a t  n - c o w i t n e s s e s  t h e  n- a m b i g u i t y  o f  T1 

to The u n i f o r m  a m b i g u i t y  of T1 i s  a s u f f i c i e n t  cond i t ion  

foroe  T i , T 2  t o  t a k e  a t  l e a s t  w2 t i m e .  

m a l l y  i n  t h e  n e x t  lemma. 

T h i s  i s  s t a t e d  for- 
) 

s which Lemma 3 . 8 .  L e t  2'1 and  T2 be augmented  T u r i n g  m a c h i n e  

s a t i s f y  t h e  f o l l o w i n g  c o n d i t i o n s :  

( a )  TI i s  a c o p y i n g  m a c h i n e ,  

( b )  T1 i s  u n i f o r m l y  a m b i g u o u s ,  a n d  

( c )  t h e  i n f i n i t e  T u r i n g  m a c h i n e  T l , T 2  s o l v e s  Problem 2 *  

Then t h e  worst  case r u n n i n g  t ime o f  T1,Tz i s  w2. 
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i s t e p s ,  s i n c e  i t  c o p i e s  i t s  e n t i r e  i n p u t  t a p e  o n t o  i t s  o u t p u t  

t a p e ,  

i s  W .  

We m u s t  show t h a t  t h e  worst case  r u n n i n g  t ime of T2 

Le t  s - 3  be t h e  i n f i n i t e  - 3- s e q u e n c e  which  witnesses t h e  

Assume t h a t  s-3  i s  w r i t t e n  on  t h e  u n i f o r m  a m b i g u i t y  o f  TI. 

i n p u t  t a p e  of  T I .  

s t e p s ,  m a c h i n e  T2 m u s t  e x a m i n e  t h e  o u t p u t  t a p e  of T l  a n d  

d r a w  t h e  c o n c l u s i o n  t h a t  t h e  s e q u e n c e  g i v e n  t o  T1 was a -3- 
s e q u e n c e .  

After T1 h a s  p e r f o r m e d  i t s  o-many 

We claim t h a t  T2 c a n n Q t  d o  t h i s  b y  e x a m i n i n g  o n l y  

f i n i t e l y  many s q u a r e s  of t a p e - o u t  T 1. 

Assume t h e  c o n t r a r y .  Let  n b e  a p o s i t i v e  i n t e g e r .  Le t  

S i n c e  t h e  T2 h a l t  a f t e r  e x a m i n i n g  n s q u a r e s  of t a p e - o u t  T I .  

i n p u t  t o  T1 was a - 3 = s e q u e n c e ,  T2 wr i t e s  t t - 3 - s e q u e n c e * t ,  i n  

soine form, o n  i t s  o u t p u t  t a p e  b e f o r e  h a l t i n g .  By t h e  n- 

a m b i g u i t y  o f  T I ,  t h e r e  i s  an n - c o w i t n e s s  s e q u e n c e ,  

t i s f y i r i g  t a p e - o u t T 1 ( S 3 ) ( i )  w = t a p e - o u t T 1 ( S - 3 ) ( i )  w for  all 

i s n .  

c h i n e  T2 would  h a v e  examined  t h e  same symbols on t h e  same n 

s q u a r e s  of  t a p e - o u t T 1 ,  a n d  t h u s  would  h a v e  h a l t e d  a f t e r  w r i -  

sa- 

So i f  w e  h a d  w r i t t e n  s 3  o n  t h e  i n p u t  t a p e  of  T l ,  ma- 

t i n g  t h e  same m e s s a g e ;  n a m e l y ,  t h a t  T1 h a d  b e e n  g i v e n  a -3- 

s e q u e n c e .  

be i n c o r r e c t .  

S i n c e  s3 i s  a n  + s e q u e n c e ,  t h i s  c o n c l u s i o n  would  

i 

, .  

1 

T h e r e f o r e  T2 ulust e x a m i n e  i n f i n i t e l y  many s q u a r e s  o f  

t a p e - o u t T 1 .  I t  c a n n o t  d o  t h i s  i n  f : l n i t e l y  many s t e p s .  So 

1. - 
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I t h e  w o r s t  c a se  r u n n i n g  time of  T2 i s  W ,  and  t h e  wors t  c a s e  

r i l n n i n g  time of T I , T 2  i s  ~ 2 .  

Lemmas 3.7 and 3 . 8  combined w i t h  t h e  m a i n  lemma (Lemma 

3 . 9 )  w i l l  y i e l d  t h e  d e s i r e d  r e s u l t .  

s t a t e  and  p r o v e  t h e  m a i n  lemma. 

We a r e  now p r e p a r e d  t o  

Lemma 3.9. 

c h i n e  i s  u n i f o r m l y  a m b i g u o u s .  

E v e r y  a u g m e n t e d  c o p y i n g  and c o u n t i n g  T d r i n g  ma- 

Proof .  F i r s t  we g i v e  t h e  i n t u i t i v e  i d e a .  After  t h a t  we 

w i l l  p r e s e n t  t h e  proof i n  r i g o r o u s  d e t a i l .  

We s t a r t  b y  c o n s t r u c t i n g  a s e q u e n c e  s-3 .  The i d e a  be-  

h i n d  t h e  c o n s t r u c t i o n  i s  q u i t e  s i m p l e :  C o n s t r u c t  s - 3  s o  a s  

t o  f i x  a s  many s q u a r e s  a s  p o s s i b l e ,  a n d  fo rce  t h e  rest o f  

t h e  s q u a r e s  t o  c o n t a i n  a l l b l u r l l .  

t h e  empty  s e q u e n c e .  Choose t h e  l e f t m o s t  s q u a r e - o f  

t a p e - o u t T I  w h o s e  c o n t e n t  i s  f i x e d  b y  some f i n i t e  s e q u e n c e  

f ; .  

t a p e  of T I .  ( T h u s ,  t h e  s q u a r e  i t s e l f  i s  c a l l e d  

t a p e - o u t  1 ( i l ) .  

f o u n d  b e c a u s e  of t h e  a s s u m p t i o n  t h a t  T I  i s  a c o p y i n g  ma- 

c h i n e . )  E x t e n d  s- ] ,  t h e  empty  s e q u e n c e ,  b y  c o n c a t e n a t i n g  f I  

o n t o  i t .  Now t h e  s q u a r e  t a p e - o u t  I ( i . 1 )  i s  f i x e d  b y  S-3- BY 

t h e  cho ice  of i l ,  no  s q u a r e  t o  t h e  :Left o f  t a p e - o u t  ' ( i l l  

c a n  be f i x e d  b y  a n y  f i n i t e  e x t e n s i o n  o f  s-3.  

Begin w i t h  5-1 b e i n g  

Let  i I  b e  t h e  p o s i t i o n  of  t h i s  s q u a r e  on  t h e  o u t p u t  

T We a r e  c e r t a i n  t h a t  s u c h  a s q u a r e  c a n  be 

T 

T 

Me c a n  f o r c e  
1 
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f t h e  symbol i n  e a c h  o f  these  s q u a r e s  t o  c h a n g e  by  e x t e n d i n g  

s - 3  a p p r o p r i a t e l y .  So we have  

The c o n t e n t  of e a c h  of t h e s e  
s q u a r e s  w i l l  be changed  a t  The c o n t e n t  o f  t h i s  
l e a s t  o n c e  a s  T1 examines  5-3 s q u a r e  i s  f i x e d  b y  5-3 

r 

. . .  
4 

. .  T 

T Le t  t a p e- o u t  l ( i 2 )  be t h e  n e x t  square ( t h e  l e f t m o s t  square 

t h a t  i s  t o  t h e  r i g h t  of t a p e - o u t  l ( i 1 ) )  whose G o n t e n t  c a n  be 

f i x e d  by  some f i n i t e  e x t e n s i o n ,  s-3f2,  of  s-3, where  f 2  i s  

d i s j o i n t  from s-3. 

T i 

E x t e n d , s , g  by c o n c a t e n a t i n g  f 2  onto it .  
T Now t h e  s q u a r e s  t a p e- o u t  l ( j .1)  and t a p e - o u t T l ( i 2 )  are f i x e d  

by s-3.  By t h e  c h o i c e  o f  i 2 ,  no s q u a r e  be tween  

t a p e- o u t  l ( i . 1 )  and t a p s - o u t  l ( i 2 )  can  be  f i x e d  by a n y  f i n i t e  T T 

e x t e n s i o n ,  s,3E, of 5-3, a s  l o n g  as  we i n s i s t  t h a t  f be d i s -  

j o i n t  from s-3.  I n  e a o h  s q u a r e  t o  t h e  l e f t  o f  
T t a p e - o u t T 1  ( i l l  , and each s q u a r e  between t a p e- o u t  l ( i 1 )  and 

t a p e - o u t T l ( i 2 )  we c a n  force  the symbol t o  c h a n g e  by e x t e n -  

d i n g  s-3 a p p r o p r i a t e l y .  Now we have  
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I . . . . .  

i 
... 

Changed a t  l e a s t  
twice a s  T1 e x a -  F i x e d  once as T1 exa- F i x e d  
m i n e s  s - 1  by s - 3  m i n e s  s - 1  b y  s - 3  

Changed ' a t  l e a s t  

T 

The  n e x t  s q u a r e  t h a t  c a n  b e  f i x e d  b y  a f i n i t e  e x t e n s i o n  o f  

s-3  will be t o  t h e  r i g h t  of t a p e - o u t  l ( j . 2 ) .  T C h o o s e  t h e  

l e f t m o s t  s u c h  s q u a r e ,  and  r e p e a t  t h e  e x t e n s i o n  p r o c e s s  for 

s -3 .  Doing t h i s  s e v e r a l  t imes, we g e t  t h e  o u t p u t  t a p e  w h i c h  

i s  i l l u s t r a t e d  i n  t h e  f i g u r e  on t h e  n e x t  p a g e .  

1 

E x t e n d i n g  s - 3  i n f i n i t e l y  many t imes, we g e t  a - & s e q u e n c e ,  

s-3, w h i c h  f i x e s  t h e  s q u a r e s  i l , i Z , i 3 ,  ... a n d  fo rces  T1 t o  

p r o d u c e  " b l u r "  i n  a l l  t h e  o t h e r  s q u a r e s .  

We m u s t  show t h a t ,  for each positive integer n ,  t h e  se- 

q u e n c e  s-3 n - w i t n e s s e s  t h e  n - a m b i g u i t y  of TI. 

t h e  f o l l o w i n g  way: 

We do  t h i s  i n  

T Let t a p e - o u t T 1  (1  ) ..... t a p e - o u t  1 ( n )  b e  some f i n i t e  i n i -  

t i a l  p i e c e  o f  t h e  o u t p u t  t a p e  of  T I .  L e t  t a p e - o u t T 1 ( i l ) ,  

o o . , t a p e - o u t T l ( i , )  b@ t h e  squares i n  t h a t  i n i t i a l  p i ece  t h a t  

. . . . . . . . . . . .  .&;,\ ...... : . .  .... 7 . .  . . . . . . . .  
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